International Journal of Impact Engineering 38 (2011) 238e246

Contents lists available at ScienceDirect

International Journal of Impact Engineering
journal homepage: www.elsevier.com/locate/ijimpeng

Numerical simulation of explosively driven metal by material point methodq
Y.P. Lian a, X. Zhang a, b, *, X. Zhou c, S. Ma a, Y.L. Zhao c
a

School of Aerospace, Tsinghua University, AML, Beijing 100084, China
State Key Laboratory of Structural Analysis for Industrial Equipment, Dalian University of Technology, Dalian 116024, China
c
Beijing Institute of Special Engineering Design and Research, Beijing 100028, China
b

a r t i c l e i n f o

a b s t r a c t

Article history:
Received 17 February 2010
Received in revised form
23 October 2010
Accepted 25 October 2010
Available online 11 November 2010

The material point method (MPM) fully takes the advantages of both Lagrangian method and Eulerian
method, and can be capable of simulating high explosive explosion problems and impact problems
involving large deformation and multi-material interaction of different phases. In this paper, MPM is
extended to simulate the explosively driven metal problems, and two typical explosive/metal conﬁgurations, open-faced sandwich and ﬂat sandwich, are analyzed in detail using MPM, and numerical results
are compared with Gurney solution and its corrections. Based on our MPM results, a new correction to
Gurney solution is proposed to account for the lateral effects for ﬂat sandwich conﬁguration. MPM
provides a powerful tool for studying the explosively driven metal and other explosive problems.
Ó 2010 Elsevier Ltd. All rights reserved.
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1. Introduction
Being one handled way to obtain an object in high speed by the
release of energy from the detonation of conventional secondary
explosives, explosive driven is widely used in engineering and
scientiﬁc research for various motives or purposes. For example,
the investigation of the fraction of energy of the explosive used to
propel the fragments is very useful for the design of powerful
fragmentation bomb and warhead of missile. In order to simulate
the impact between aircraft and orbital, an object with hypervelocity must be provided in the laboratory, which can be driven by
detonation, in the design of the space debris shields. Furthermore,
the driven fragments can be used to study the dynamic behavior of
materials. Therefore, theoretical and numerical investigations of
the explosively driven metal are of important theoretical signiﬁcance and practical value.
When an explosive surrounded by a metallic or other solid shell
detonates, the outer shell is accelerated both by the initial detonation shock wave and by the expansion of the detonation gaseous
products contained by the outer shell. In 1940s, a simple model to
predict the terminal velocity of fragments from grenades and
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artillery shells was developed by Gurney [1]. By measuring the
velocities of fragments from bombs weighing as much as 3000
pounds to grenades containing as little as 1.5 ounces of a high
explosive, he concluded that the governing factor to determined
the ﬁnal velocities of fragments was the ratio of the mass of the
fragments to the mass of the explosive. Although the interaction of
a detonating explosive with driving fragments is extremely
complex involving detonation waves, shock waves, expanding
gases, and their interrelationships, the assumptions Gurney made
in this model to provide mathematical tractability are only based on
energy and momentum balances with two key assumptions in its
derivation, which is that a speciﬁc energy is assumed to be converted from chemical energy in the initial state to kinetic energy of
the driven inert material and the detonation product gases in the
ﬁnal state, and those product gases have a uniform density and
a linear one-dimensional velocity proﬁle in the spatial coordinates
of the system [2,3]. In spite of its simplicity, the Gurney method has
been proven to give good predictions for much different casing
geometry [4,5]. Henry [6] provided a comprehensive review of the
Gurney method and derivation of many formulas. Gurney equations for common symmetric and asymmetric explosive/metal
conﬁgurations, such as symmetrical sandwich (ﬂat sandwich),
asymmetrical sandwich, inﬁnitely tamped sandwich, open-faced
sandwich, cylindrical and imploding cylindrical charge, spherical
and imploding spherical charge, have been obtained [7] as the
function of the Gurney energy and the ratio of the total metal mass
to the total explosive mass.
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In fact, the Gurney model may have overestimated the ﬂyer
velocities due to its simpliﬁed assumptions which are only applicable for one-dimensional conﬁguration [3,8,9]. Therefore, this
method was further improved by others [9e12] to account for the
lateral effects based on empirical correction factors or theoretical
analysis. Baum et al. [11] indicated that, in the case of an unconﬁned
charge of explosive resting on a plate, the explosive which was
effective in driving the plate was the core of the explosive nearest to
the plate. Therefore, the lateral edges of the explosive had to be
subtracted from the total mass of explosive [7]. Fucke et al. given
correction factors with regard to plate thicknesses, plate dimensions and gaps in the high explosive layer for sandwich conﬁguration [10].
Gurney models are over simpliﬁed for low values of M/C where
gas-dynamic behavior dominates, so that Gurney solutions cannot
be trusted for this regime. Aziz et al. treating the driven metal as
a rigid body and the gases with an ideal gas equation of state, they
performed an analysis for an open-faced sandwich conﬁguration
[3,13]. Their solution should be applicable for all values of M/C
because it treats the gas dynamics fully.
Gurney model and its corrections can only predict the terminal
velocity of fragment for some simple conﬁgurations. They are based
only on energy and momentum balances, and have nothing to do
with shock waves although they play a very important role in the
driving process. In contrast, numerical simulation not only can
predict the terminal velocity, but also can study the whole driving
process, including the expanding of explosive product gases and
deformation even the formation process of fragments. However,
the fragments will experience extremely large deformation which
could lead to mesh distortion and element entanglement in the
Lagrangian ﬁnite element method. Although the numerical
methods based on Eulerian description can avoid element distortions, it has difﬁculties such as appropriate representation of free
boundary, tracking of the material deformation history and
convective terms. The arbitrary Lagrangian-Eulerian (ALE) formulation takes the advantages and alleviates many of the disadvantages both of Lagrangian and Eulerian descriptions [14, 15].
However, designing an efﬁcient and effective mesh-moving algorithm for complicated 3D problems remains a challenging work
and the convective terms still pose difﬁculties in solving equations.
Meshfree methods [16e18] use a set of discrete points to construct
trial functions. Thus, the problems arising from mesh distortion and
element entanglement can be avoided or alleviated. Nevertheless,
most of the meshfree methods suffer from higher computational
cost and the accuracy of some meshfree methods is still dependent
on the node regularities to some extent. Therefore, only a few of
them have successfully application in hypervelocity impact problems and explosion problems, such as the smoothed particle
hydrodynamics (SPH) [19,20], hybrid particle-element method
[21e23].
The material point method (MPM) [24,25] is an extension of the
particle in cell (PIC) method called FLIP (Fluid-Implicit-Particle)
[26,27] to solid mechanics. It is a fully Lagrangian particle method in
which a material domain is discretized with a set of material points
(particles) that carry all state variables such as mass, displacement,
strain, stress as well as material parameters and internal variables
needed for constitutive models. So the movement of the particles
represents the movement of the material domain, and the difﬁculties associated with Eulerian method are completely removed. A
regular background grid, which can be ﬁxed in space or moved
arbitrarily, is used for solving the momentum equations, so that
mesh distortion and element entanglement associated with the
traditional Lagrangian ﬁnite element method are avoided. Hence,
MPM does not require periodical remeshing steps and remapping of
state variables, and is therefore better suited to the modeling of
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large material deformations. In recent years, much effort has been
devoted to the development of MPM. Now MPM and its variants
have been successful applied to solve many engineering problems,
such as impact [28], penetration [29,30], upsetting problems
[28,31], granular media [32], blast induced fragmentation [33e35],
problems involved dynamic crack [36e38], ﬂuidestructure interaction problems [39,40], ﬁlm delamination [41] and so on.
In this paper, the MPM is extended to simulate the explosively driven metal, in which Johnson-Cook material model with
MieeGrüneisen equation of state is implemented to model the
behavior of metal with strain rate effect and thermal softening
effect taken into consideration, and null material model with JonesWilkins-Lee (JWL) equation of state is implemented for describing
the expansion process of detonation product gases. Artiﬁcial
viscosity is added to pressure term to stabilize and capture the
shock wave. Two typical explosive/metal conﬁgurations, openfaced sandwich and ﬂat sandwich, are analyzed in detail using
MPM and numerical results are compared with Gurney solution
and its corrections. Based on the numerical results, a correction to
Gurney solution is proposed to account for the lateral effects for ﬂat
sandwich conﬁguration.
This paper is organized as follows. The explicit material point
method is described in Section 2, while the material model and
equation of state used are presented in Section 3. The explosively
driven metal is analyzed in detail using the 3D explicit material
point method in Section 4. Both ﬂat sandwich and open-faced
sandwich are analyzed for one-dimensional and two-dimensional
conﬁgurations with planar symmetry assumption. Finally, several
conclusions are given in Section 5.
2. Brief review of material point method
With the updated Lagrangian description, the movement of the
continuum domain is governed by the following equation:
Conservation of mass:

rðX; tÞJðX; tÞ ¼ r0 ðXÞ

(1)

Conservation of momentum:

vsji
€i
þ rfi ¼ ru
vxj

(2)

Energy equation:

re_ ¼ Dij sij

(3)

Constitutive equation:



sV ¼ sV Dij ; sij ; etc



(4)

Rate of deformation:

1 vvi vvj
Dij ¼
þ
2 vxj vxi

!
(5)

Boundary condition:



nj sij G ¼ t i
t
vi jGv ¼ vi

(6)

Initial condition:

_
uðX;
0Þ ¼ u_ 0 ðXÞ; uðX; 0Þ ¼ u0 ðXÞ

(7)

where the subscripts i and j denote the component of the space
with Einstein summation law, Gt the prescribed traction boundary,
Gu the prescribed displacement boundary, sij the Cauchy stress,
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Table 2
Material constants of the ﬂyer plate.

r/g mm3

E/MPa

y

A/MPa

B/MPa

n

0.0078

200000

0:3

300

200

0.5

uip;j ¼

ng
X

NIp;j uiI

(12)

I¼1

Fig. 1. Material point discretization.

e the energy per unit mass, r the current density, fi the body force
€ i the acceleration. The comma denotes covariant
per unit mass, u
differentiation, and nj is the unit outward normal to the boundary.
The conservation of mass is satisﬁed automatically in Lagrangian
description. Taking the virtual displacement dui as test function, the
weak form of momentum equation can be obtained by the
weighted residual method as follows:

Z

ru€ i dui dU þ

U

Z

rssij dui;j dU 

U

Z

rfi dui dU 

U

Z

rt si dui dGt ¼ 0

Gt

(8)
s
ti

ssij

where
¼ sij =r is the speciﬁc stress,
¼ t i =r.
The material domain is discretized with a set of particles in
MPM, as shown in Fig. 1, so that the density can be approximated
as:
np
X

rðxÞ ¼



mp d xi  xip

where NIp ¼ NI ðxp Þ is the value of shape function of grid node I
evaluated at particle p. ng denotes the total number of grid nodes.
For three-dimensional cases, 8-node hexahedral grid is adopted as
the background grid whose shape functions are given by

NI ¼

1
ð1 þ xxI Þð1 þ hhI Þð1 þ zzI ÞI ¼ 1; 2; /; 8
8

(13)

where ðxI ; hI ; zI Þ, either 1 or þ1, denote the nature coordinates of
node I. ðx; h; zÞ, which are between 1 and þ1, denote the nature
coordinates of a particle. If the particle is outside the hexahedron,
NI ðxp Þis equal to zero.
Substituting Eq. (11) and (12) into the Eq. (9) and invoking the
arbitrariness of duiI yields:

p_ iI ¼ fiIint þ fiIext I ¼ 1; 2; /; ng

(14)

where

piI ¼ mI viI

(15)

is the momentum of grid node I, and



(9)
mI ¼

p¼1

np
X

mp NIp

(16)

p¼1

where np denotes the total number of particles, mp the mass of
particle p, xip the coordinate of particle p in ith direction, d the Dirac
delta function. Substituting Eq. (9) into the weak form Eq. (8)
yields:

is the mass of grid node I obtained by mapping the masses of
particles located in the cells connected to grid node I,

np
X

fiIint ¼ 

€ ip duip þ
mp u

p¼1

np
X
p¼1



np
X

mp ssijp duip;j

s
mp t ip h1 duip



np
X

mp fip duip

p¼1

¼ 0

ð10Þ
fiIext ¼

where uip ¼ ui ðxp Þ, duip;j ¼ dui;j ðxp Þ, ssijp ¼ ssij ðxp Þ, fip ¼ fi ðxp Þ,
s
s
t ip ¼ t i ðxp Þ, and h denotes the thickness of the layer of the
boundary.
In MPM, the momentum Eq. (10) is integrated on the background grid. During this phase of solution (Lagrangian solution
phase), the particles are rigidly attached to the background grid and
they deform with the grid. Therefore, the displacements of particles
and their derivatives can be obtained from the grid nodal
displacements uiI via the standard FE shape functions as
ng
X

NIp;j sijp

p¼1

mp

(17)

rp

is the internal force of grid node I,

p¼1

uip ¼

np
X

np
X

NIp mp fip þ

p¼1

np
X

NIp t ip h1

p¼1

(18)

rp

is the grid nodal external force.
It can be concluded from above formulations that the material
point method is very similar to the traditional FE method. There are
two fundamental differences between FEM and MPM. Firstly, the
Gauss points are taken as the quadrature points in FEM, while
the particles are taken as the quadrature points in MPM. Secondly,
the grid is embedded in and deforms with the material domain in

C
NIp uiI

mp

M

(11)

I¼1

w
Y
eE

Table 1
Material constants of the TNT explosive.
A(MPa)

BðMPaÞ

R1

R2

u

E0(mJ$mm3)

372100

3210

4:15

0:95

3

6:993

O

eM

X

Fig. 2. Initial geometry for an open-faced sandwich.
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Fig. 3. One-dimensional model for inﬁnite plate case. Hollow dots denote the explosive particles, while solid dots denote the steel particles.

3. Material models
3.1. High explosive model
Based on the Chapman-Jouguet theory, an ideal detonation
includes two processes, which are the steady-state detonation
process and the following process including expansion of gaseous
products and its interaction to the surrounding material. The
steady-state detonation can be seen as a shock wave moving
through the explosive, whose front compresses and heats the
explosive to initiate chemical reaction. Because the velocity of the
detonation wave is very fast, the exothermic reaction is completed
within few microseconds. The energy released by the reaction feeds
the shock front and drives it forward. At the same time, the gaseous
products are expanding and interact to the surrounding material.
The shock front, chemical reaction, and the leading edge of the
rarefaction are all in equilibrium, so they are all traveling at the
same velocity, which are named the detonation velocity that is one
of material constants of speciﬁed explosive [3].
In the initialization phase, a lighting time tL is calculated for each
particle by dividing the distance from the detonation point by the
detonation velocity D. If multiple detonation points are speciﬁed,

10000
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x (mm)
Fig. 4. Pressure proﬁles along the x direction during the evolution of explosive driving
metal.

the closest point determines tL. After the detonation, the gaseous
product is controlled by the equation of state. The real pressure p of
the gaseous product is given by multiplying the pressure pEOS
obtained from equation of state for explosive with a burn factions F
that controls the release of chemical energy for simulating detonation [47]. That is

p ¼ F$pEOS

(19)

where F is the burn factions, which is taken as

F ¼

 ðtt

L ÞD
1:5h

0

t > tL
t  tL

(20)

where h denotes the characteristic size of a particle, and t is the
current time. If F exceeds 1, it is reset to 1. It often takes several time
steps for F to reach the value 1 by this calculation of the burn
fraction. After reaching the value 1, F is held constant. By this
method, the discontinuous detonation wave can be smoothed to be
a continuous but changing rapidly wavefront in a narrow space.
After detonation, the behavior of gaseous product is governed by
the equation of state. Jones-Wilkins-Lee(JWL) equation of state [3]
is widely used for describing the detonation products which is
given as.





u
u
uE
p ¼ A 1
eR1 V þ B 1 
eR2 V þ
R1 V
R2 V
V

0.45

(21)

Gurney equation
Aziz’s solution
MPM: 1D model

0. 4
0.35
0. 3

V/D

FEM. However, the regular grid is embedded in and deform with
the material domain only in the Lagrangian solution phase in MPM,
after which the deformed grid is discarded, and a new regular grid
is generated for the next time step. Therefore, no permanent
information is stored in the grid nodes. The ﬁrst difference is one of
the sources of error in the employment of MPM. For small deformation problems, MPM using of material point integral can be seen
as a special FE method, but its accuracy is less than FEM because the
material points are not always in the position of Gauss points as
simulations evolve. Even in the problem involving large deformation, this error still exists, but may be ignored compared with that
resulted from the remeshing in FEM. A detailed analysis of the
quadrature error and other error in MPM is given in [42,43].
As a particle method with a background grid, MPM shares some
common points with SPH, but it does not suffer from tensile
instability existed in SPH. The grid nodes in MPM serve as ﬁeld
nodes to construct the approximation functions of the ﬁeld variables, whereas the particles serve as quadrature points. Usually, the
number of particles is much greater than that of the grid nodes, so
that the numerical instability arisen from insufﬁcient quadrature
points is avoided [44]. However, there are numerical noise due to
particle crossing cell boundary and numerical fracture due to
particles separated by a grid cell. Bardenhagen et al [45] proposed
a general interpolation material point method (GIMP) to suppress
the noises, while Ma et al [46] proposed an adaptive particle
splitting scheme to suppress the numerical fracture.
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Table 3
Terminal velocity of the metal with different resolutions.
particle space (mm)
cell size in x direction (mm)
terminal velocity (mm/ms)

0.8
4
575

0.4
2
581

0.2
1
589

0.05
0.1
0.5
592

0.04
0.2
592

0

0.5

1

1.5

2

2.5

3

M/C
Fig. 5. Dimensionless terminal velocity of metal as a function of M/C for 1D open-faced
sandwich.
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Fig. 6. Two-dimensional model for plate with ﬁnite width. The hollow dots denote
explosive particles, while the solid dots denote steel particles.

where A, B, R1, R2 and u are the material constants for speciﬁed
explosive, V ¼ v=v0 is the relative volume, and E ¼ r0 e is the
internal energy per initial volume.
Furthermore, this model is always combined with the null
material model in which the material strength is often neglected.
3.2. Johnson Cook material model
The Johnson-Cook material model [48] takes into account the
effects of strain rate and temperature, and has been widely used to
model the behavior of metal in impact and explosion simulation.
The yield stress is given by



n

sy ¼ A þ B3p



1 þ Cln3_ * 1  T *m

(22)

where A, B, n and m are the material constants, 3pis the effective
plastic strain, 3_ * denotes the dimensionless effective plastic strain rate
and deﬁned as 3_ * ¼ 3_ p =3_ 0 for 3_ 0 ¼ 1s1, and T * is the homologous
temperature, which is deﬁned as T * ¼ ðT  Troom Þ=ðTmelt  Troom Þ
with Tmelt the melt temperature and Troom the room temperature.
A simpliﬁed Johnson-Cook model can be obtained by ignoring
the effect of the temperature in Eq. (22) as



n

sy ¼ A þ B3p


1 þ Cln3_ *

Fig. 8. Discounting angle to account for lateral release of explosive pressure. Shaded
region of explosive is discounted.

plate case, are studied using MPM for two typical conﬁgurations,
open-faced sandwich and ﬂat sandwich, respectively. The termination of the simulation time is set to be long enough to make sure
the process of acceleration is completed. The terminal velocities of
plates are obtained by averaging particles velocities over the whole
plate.
The explosive is TNT whose density r ¼ 1:63g=cm3, detonation
velocity
D ¼ 6930 m/s, and Gurney characteristic velocity
p
ﬃﬃﬃﬃﬃﬃ
2E ¼ 2370 m/s. The JWL equation of state is used to model the
behavior of detonation products whose material constants are listed in Table 1. The ﬂyer plate driven by TNT explosive consists of
steel which is modeled by the simple John-Cook model with
material constants listed in Table 2.
4.1. Open-faced sandwich conﬁguration
An open-faced sandwich (metal-explosive assemblage) as
shown in Fig. 2 is studied. The whole sandwich of width w consists
of one metal plate of thickness eM and an explosive ﬂat of initial
thickness eE. The Gurney equation for this conﬁguration is
expressed as [2]:

(23)
V ¼

4. Explosive-driven plate problems
In fact, the Gurney model is a one-dimensional model without
considering the lateral effects caused by ﬁnite lateral dimensions.
The Gurney equation may over predict velocities of fragments with
large M/C values [8] and underestimate velocities of fragments with
relatively lower M/C [3]. In order to investigate the inﬂuence of
lateral effects, two types of computational model, one-dimensional
model representing an inﬁnite plate case and two-dimensional
model with planar symmetry assumption representing a ﬁnite

Gurney equation
MPM: 2D model
Modifed Gurney equation by Baum’s suggestion

0.4

#1
"
2
pﬃﬃﬃﬃﬃﬃ
3
2E
2
1 þ 5ðM=CÞ þ 4ðM=CÞ

(24)

where V denotes the metal plate velocity,
pﬃﬃﬃﬃﬃﬃ M the mass of the metal
plate, C the mass of the explosive, 2E the Gurney characteristic
velocity.
4.1.1. One-dimensional model
The plate with inﬁnite width driven by detonation can be
modeled by a one-dimensional model, in which only one layer of
background grid is used in y and z directions with one layer of
particles along the center line of the grid, as shown in Fig. 3. The
top, bottom, front and back sides of the grid are set to be
symmetrical boundaries and the left and right sides of the grid are

M/2

0.35

C

M/2

0.3

V/D

0.25

w

0.2
0.15
0.1

Y
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0

0.5

1

1.5

2

2.5

3

M/C
Fig. 7. Dimensionless terminal velocities of metal as a function of M/C for 2D openfaced sandwich conﬁguration.

eM /2

O

eE

eM /2

X
Fig. 9. Initial geometry for a ﬂat sandwich conﬁguration.
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Gurney equation

C

M/2

MPM: 1D model

0.5
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θ
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Fig. 10. Dimensionless terminal velocities of metal as a function of M/C for 1D ﬂat
sandwich conﬁguration.

set to be traction free boundaries. The thickness of the TNT is
20 mm.
In order to investigate the effects of different particle and cell
resolutions, different particle space and cell size are used in the
simulation for the ﬂyer plate with thickness of 12 mm and M=C
¼ 2.8712. The numerical results are listed in Table 3, which shows
that numerical terminal velocity converges to the prediction of
Gurney equation.
The shock wave is an important feature in the evolution of
explosive driving metal. To investigate the propagation of shock
wave, this one-dimensional problem is studied with particle space
0.04 mm. According to the detonation velocity, it takes about
2.886 ms to complete the detonation. Hence, Fig. 4 plots the pressure proﬁle along the x direction at 1 ms interval from 0 to 8 ms. The
pressure peak is close to the C-J pressure 1:957104 MPa [49] by the
preceding two curves. Once the detonation wave meets the interface between detonation product and ﬂyer, transmitted wave and
reﬂected wave are generated. Because wave impedance of steel is
greater than that of detonation product with transmission coefﬁcient greater than 1, the pressure peak of the transmitted wave is
greater than that of the incident wave. Tensile wave is induced by
the reﬂection of the compressive waves at the free surface of the
ﬂyer plate.
Based on the results of convergence test listed in Table 3,
uniform particles with space of 0.1 mm and uniform background
grid with cell sizes of 0.5 mm  0.5 mm  0.5 mm are used in
following simulations. The thickness of the ﬂyer plate is determined by the ratio of M/C. So the TNT is modeled with 200 particles,
while the number of particles for modeling plate is from 8 to 68,

Gurney equation
MPM: 2D model
Modifed Gurney equation by Baum’s suggestion
Modifed Gurney equation by this paper

0.5

V/D

0.4
0.3

Fig. 12. Discounting angle to account for lateral release of explosive pressure. Shaded
region of explosive is discounted.

according to the different thickness of the plate. The explosive is in
the left of the metal plate, and the detonation ignites from the left
side of the explosive by deﬁning a detonation point at the left side
of the explosive with lighting time 0.
The terminal velocities of metal obtained by MPM for various
values of M/C are compared with the prediction of Gurney equation
in Fig. 5. As shown in Fig. 5, the numerical results obtained by MPM
agree very well with the prediction of Gurney equation for large
values of M/C, but they deviate at small values of M/C. Gurney
models are over simpliﬁed for low values of M/C where gasdynamic behavior dominates, so that Gurney solutions cannot be
trusted for this regime. By modeling the driven metal as a rigid
body and the gases with an ideal gas equation of state, Aziz et al.
obtained the terminal velocity for an open-faced sandwich
conﬁguration as [13]

V
27 M
¼ 1
D
16 C

"
1þ

32 C
27 M

1=2

#
1

(25)

where D is the detonation velocity of explosive. This solution
should be applicable for all values of M/C because it treats the gas
dynamics fully. Fig. 5 shows that MPM solution agree very well with
Aziz’s solution given by Eq. (25). Therefore, MPM can be used to
analyze the explosively driven metal with all values of M/C.
4.1.2. Two-dimensional model
In order to estimate the inﬂuence of the lateral effects on
terminal velocity of the metal plate, a two-dimensional model with
plate of inﬁnite length and ﬁnite width is studied. Considering the
symmetry of the model, half of the domain is modeled. Only one
layer of the background grid is set in z direction with one layer of
particles in the center plane of the grid, as shown in Fig. 6. The left,
right and upper sides of the grid are free boundaries, while the
bottom, front and back sides of the grid are symmetrical boundaries. The thickness of the explosive is 10 mm and the width
20 mm. The thickness of the metal plate is determined by the ratio
of M/C. All other parameters are the same as that used in the

0.2
Table 4
The number of particles of discrete models used in the simulations for M/C ¼ 1.9141.
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Fig. 11. Dimensionless terminal velocities of metal plate as a function of M/C for 2D ﬂat
sandwich conﬁguration.
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Table 5
The number of particles of discrete models used in the simulations for w/e ¼ 50.
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Fig. 13. Dimensionless velocity of metal plate as a function of w/e for 2D open-faced
sandwich for M/C ¼ 1.9141.

one-dimensional model. Here, the TNT is modeled with 10000
particles, while the number of particles for modeling plate is from
400 to 3400 according to the thickness of the plate. A detonation
line is deﬁned at the left side of the explosive with lighting time 0.
The terminal velocities of metal obtained by MPM are compared
with Gurney prediction in the Fig. 7. For small values of M/C, the
solutions overlay well. At large values of M/C, the solutions deviate,
with the Gurney equation predicting higher velocities than the
MPM results. The Gurney assumptions are so simpliﬁed that it
cannot handle the lateral effects which played an important role in
reducing the terminal velocity of ﬂyer plate. That is to say, the
Gurney model is generally applied for one-dimensional conﬁguration. This example is two-dimensional and there is rarefaction
wave coming from the free boundary which affected a special zone
of detonation product gases that did not contribute to the
momentum of the plate [3]. When M increasing, the time taken for
the metal plate to reach its ﬁnal velocity increases and so there is
more time for the lateral rarefaction to take place and reduce the
terminal velocity of the plate [9]. Therefore, the prediction of
Gurney model is overestimated for two-dimensional and threedimensional conﬁgurations. In order to use Gurney model for twodimensional problems, the model is needed to be improved to
considering the effects of the rarefaction wave. Baum et al. [11]
suggested subtracting a part of explosive from the total mass C to
take into account the lateral effects. For the open-faced sandwich
conﬁguration shown in Fig. 8, Kennedy estimated that the explosive, which should be subtracted from the total mass C, was that

Gurney equation
MPM: 2D model with w/e<50
MPM: 2D model with w/e=50

0.4
0.35

TNT
Plate

outside the boundary of an angle of 30 to a normal to the plate [3],
and the value of the angle seems to produce the best correlation
with experiments results. Based on this suggestion, the prediction
of Gurney equation is modiﬁed and the results are also plotted in
Fig. 7, which agree well with the MPM results.
4.2. Flat sandwich conﬁguration
From the above examples, the prediction for open-faced sandwich conﬁguration by MPM shows good agreement with that of
Gurney equation and improved Gurney equation. Then, a ﬂat
sandwich, which is a symmetric metal-explosive-metal system as
shown in Fig. 9, is studied for one-dimensional conﬁguration and
two-dimensional conﬁguration. The Gurney equation for ﬂat
sandwich is given as

V ¼

1
pﬃﬃﬃﬃﬃﬃM 12
2E
þ
C 3

(26)

4.2.1. One-dimensional model
Considering the symmetry, only one half of the metal-explosivemetal system is modeled. All parameters for the model are the
same as that in the one-dimensional model for open-faced sandwich, as shown in Fig. 3, but the left side of the grid is symmetrical
boundary and the thickness of TNT is 20 mm. And the TNT is
modeled with 200 particles, while the number of particles for
modeling plate is from 8 to 68 according to the size of the plate. The
detonation ignites from the center of the explosive by deﬁning
a detonation point at the left side of the grid with lighting time 0.
The terminal velocities of the metal obtained by MPM for various
values of M/C agree very well with the predictions of Gurney
equation as shown in Fig. 10.
4.2.2. Two-dimensional model
One quarter of the metal-explosive-metal system is modeled
due to the symmetry. Only one layer of the background grid is set in
z direction. The front, back, bottom and left sides of the grid are
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Fig. 14. Comparison of MPM solution with Gurney solution for 2D open-faced sandwich for w/e ¼ 50.

Fig. 15. The initial conﬁguration (left) and the conﬁguration of an open-faced sandwich with M/C ¼ 0.4785 at 0.06 ms after detonation (right).
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4.2.4. The deformation of the system
It is easy to notice that the Gurney equation can only predict the
terminal velocity of the plate for some simple cases. In contrast,
MPM provides a powerful tool for studying the whole process of the
explosively driven ﬂyer problems, including the expanding of
explosive product gases and deformation even the formation
process of fragments. Figs. 15 and 16 illustrate the conﬁguration of
an open-faced sandwich with M=C ¼ 0:4785 and M=C ¼ 1:6270
at 0.06 ms and 1 ms after detonation, respectively. As shown in
these ﬁgures, the ﬂyer plate experiences large deformation and the
product of detonation expands violently. When the ratio of mass is
low, the ﬂyer plate is easy to fracture in width direction, which is
due to the fact that detonation wave is not a plane wave that will
strengthen the rarefaction wave in the corner of the ﬂyer plate.
Fig. 16. The initial conﬁguration (left) and the conﬁguration of an open-faced sandwich with M/C ¼ 1.6270 at 0.1 ms after detonation (right).

symmetric boundaries, while the right and upper sides are free
boundaries. The thickness of the plate is 10 mm and width 20 mm.
The thickness of the metal is determined based on the values of
M/C. All other parameters are the same as that in the 2D open-faced
sandwich model, and the material point discretization for the 2D
ﬂat sandwich model is the same as that shown in Fig. 6. Here, the
TNT is modeled with 10000 particles.
The numerical results obtained by MPM are compared with the
prediction of Gurney equations in Fig. 11, which shows that the
solutions deviate seriously. Undoubtedly, the lateral effects will be
signiﬁcant for plate with ﬁnite lateral dimensions, so that the
Gurney equation will over predict the terminal velocities. Therefore, it is necessary to modify Gurney equation for this conﬁguration. However, Kennedy’s estimation of 30 still overpredicts
signiﬁcantly the terminal velocities for this conﬁguration as shown
in Fig. 11. Considering that Baum’s correction is a very simple and
convenient way to account for the lateral effects in engineering, we
attempted to adjust the angle of the boundary outside which the
explosive are subtracted from the total mass C, and found that the
angle of 45 , as shown in Fig. 12, seems to produce the best
correlation with the MPM results, see Fig. 11.
4.2.3. The inﬂuence of metal plate sizes
Above results indicate that the lateral effects play an important
role to reduce the terminal velocities of the ﬂyer plate in twodimensional models. However, the lateral effects on the terminal
velocities should decrease with increase of the width w of plate, so
that the results of two-dimensional model should be converged to
those of one-dimensional model if the ratio of plate width w to
plate thickness e is large enough.
Therefore, a set of simulations for 2D open-faced sandwich for
various values of w/e at a constant value of M/C ¼ 1.9141 were done.
Half of the domain is modeled due to symmetry with the particle
space 0.1 mm. All the discretized parameters are same to above, and
the total number of particles for the models is listed in Table 4.
Fig. 13 compares the terminal velocities of the metal plate obtained
by MPM with the Gurney solutions, and shows that the MPM
results for 2D model approach to the Gurney solution when w/e
increases, and they agree well after w/e > 50.
A group of samples of 2D open-faced sandwich with constant
width-to-thickness ratio of 50 are studied by MPM, and their
results are compared with the Gurney solutions in Fig. 14. And the
number of particles used in this set simulations is listed in Table 5
for half model with particle space 0.1 mm. The MPM results for
w/e ¼ 50 agree very well with the Gurney solution, because the
mass discounted for this case is neglected compared with the total
mass of the explosive.

5. Conclusion
In this paper, the material point method is extended to simulate
the explosively driven metal, in which Johnson-Cook material
model with MieeGrüneisen equation of state is used to model the
behavior of metal, and null material model with Jones-Wilkins-Lee
(JWL) equation of state is used for describing the expansion process
of detonation product gases. Two typical conﬁgurations, openfaced sandwich and ﬂat sandwich, are studied using MPM for
various values of M/C and numerical results are compared with
Gurney solution and its corrections.
The Gurney solution is actually obtained based on one-dimensional assumption. Hence, the Gurney solutions agree very well
with the MPM results for one-dimensional conﬁgurations.
However, the Gurney solution gives overestimated ﬁnal velocity of
ﬂyer plate for two-dimensional conﬁgurations because it neglects
the lateral effects which plays an important role in reducing the
terminal velocity of ﬂyer plate. For open-faced sandwich conﬁguration, Kennedy’s estimation of 30 produces the best correlation
with experiments results, but still over predicts signiﬁcantly the
terminal velocities for ﬂat conﬁguration. Our MPM study suggests
that the angle of 45 as shown in Fig. 12 seems to produce the best
correlation with the MPM results.
This study suggests that MPM provides a powerful tool for
studying the explosively driven plates and other related explosive
problems.
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