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sticking and sliding frictional contact. A numerical algorithm is proposed to determine the contact
surface normal vector and contact condition. Three numerical examples, including contact of two
elastic plates, the end loaded split specimens with frictional interface cracks and Kalthoff-Winkler
contact tests, are successively investigated to verify and validate the model. Numerical results are
compared with the available analytical, finite element method (FEM) and experimental solutions,
which demonstrates that the proposed peridynamic contact model can successfully capture both
the contact and fracture behaviors.

1. Introduction

Contact problems are ubiquitous in natural and engineer systems and are often accompanied by material and structural failures,
such as impact fracture and frictional crack growth. Therefore, contact problems involving materials fracture need to be investigated
for both contact and fracture behaviors prediction.

The analytical contact solutions were developed for deformation, stress and pressure predictions based on the Hertz contact [1],
and crack surface contact [2,3] models, but they can only be applied in some ideal situation. The numerical method, like finite element
method (FEM) has been widely utilized for the contact problems [4-6], and achieved great success in contact response predictions.
However, the original FEM meets great challenge due to its inadequacy in dealing with discontinuity when the fracture behaviors are
considered in the contact problems. The material point method (MPM) [7] and smoothed particle hydrodynamics (SPH) [8,9] have
been successfully applied in the impact and penetration contact simulations, but further study is still needed to investigate the material
fracture behavior associated with contact.

Peridynamics (PD), as a nonlocal reformulation of continuous mechanics, was proposed by Silling in 2000 [10] for discontinuous
problems analysis. In PD theory, spatial derivatives are not needed, and the partial-differential governing equations in continuous
mechanics are replaced by the integral-differential equations. Therefore, the PD model can be naturally utilized for the discontinuous
problems, such as the crack initiation, propagation and path selection, without any special techniques. The original version of peri-
dynamics was first proposed as the bond-based peridynamic (BB-PD) model, which assumes that any two points within the horizon are
connected with a bond through spring-like interaction. However, this assumption leads to material parameters restrictions in BB-PD
model [11]. The state-based peridynamics (SB-PD) [12] was then proposed as a more general frame, in which the bond force density of
the peridynamic point depends on its whole family deformation. Meanwhile, various bond failure models in peridynamics have been
proposed for quantitatively fracture analysis, such as the critical stretch-based criterion [11,13], critical energy density-based criterion
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Fig. 1. Discrete peridynamic models in the contact region: (a) nonlocal contact between two peridynamic models, and (b) boundary contact node x;
in contact with its contact region H;,.

[14], mixed-mode bond failure criterion [15], and strength and energy coupled failure model [16-18]. Additionally, classical fracture
mechanic methods have also been reformulated in the framework of peridynamic theory, for example, the J-integral [19,20], virtual
crack closure technique [21,22], and cohesive zone model [23-25].

With the capability of handling discontinuities, the peridynamic theory has been successfully utilized in the failure predictions of
various problems, such as dynamic brittle fracture [26-28], failure of composite materials [29-31] and crack growth in rocks and
concretes [32-37]. Meanwhile, it was also applied for the contact problems. The original peridynamic contact model was proposed by
Macek and Silling [38] with definition of the short-range contact force, which was later utilized for dynamic contact problems [39,40].
The impact contact model considering deformable target and rigid or flexible impactor was presented by Madenci and Oterkus [41],
and was extended for impact contact analysis [34,42]. Additionally, the fracture problems associated with contact were analyzed in
peridynamics with the penalty contact model [43], peridynamic and FEM contact model [44], frictional contact model [45] and
interface nonlocal contact model [46,47]. However, in above studies, there is no peridynamic contact model considering both sticking
and frictional contact, and the contact condition has not been well evaluated.

In this paper, a nonlocal peridynamic contact model is proposed for the contact and fracture problems analysis. First, peridynamic
contact bonds are defined for the nonlocal contact modeling, and two long-range contact bond forces are developed to study the
sticking and sliding frictional contact. A numerical algorithm is proposed to determine the contact surface normal vector and contact
condition. Three examples, including contact of two elastic plates, the end loaded split specimens with frictional interface cracks and
Kalthoff-Winkler contact tests, are studied to verify the proposed model. The contact and fracture behaviors (e.g. contact force, crack
path and crack velocity) are predicted by the proposed contact model, the obtained results agree well with those from the analytical
solution, finite element method (FEM) and experiments.

2. Nonlocal peridynamic contact model

In this section, a new nonlocal version of peridynamic contact model is proposed, in which peridynamic contact bonds are defined
for the nonlocal contact modeling, and two long-range contact bond forces are developed to study sticking and sliding frictional
contact.

2.1. Formation of the contact between peridynamic models

The contact region of two discrete peridynamic models, considered as the contactor and target, is shown in Fig. 1(a). In the per-
idynamic numerical models, the boundary surfaces of the target and contactor are artificially obtained with the extension of 0.5 h; and
0.5 hy from the outermost nodes along their outward unit normal vectors n; and ny, where h; and hy are the grid sizes of the peri-
dynamic target and contactor bodies. Since the basic contact condition is that no material overlap can occur, the contact in peridy-
namic models happens when:

V2
(% = ¥n) n<OS5(hy k), and ly; =y, |5 (h +ho) 0

where y; and y,, are the deformed vectors of boundary nodes x; and x;,, in which x; and x,,, are the outermost nodes belong to contactor
and target bodies, respectively, and n is the unit normal vector of the contact surface.

When Eq. (1) is satisfied, as shown in Fig. 1(b), the boundary node x; is thus in contact with its contact region H;,, where the contact
horizon . is defined, x; is the node in H;. that belongs to target body. Simultaneously, the boundary node x;, in target body is in contact
with its contact region H,,., which belongs to contactor body. Therefore, even though the contact condition of Eq. (1) is defined locally
with the boundary nodes, the contact is realized in the nonlocal form with their contact regions. Additionally, there is no real con-
structed contact surface in the peridynamic contact region, and the normal vector n can be obtained by the normal vectors of relative
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Fig. 2. The peridynamic contact setup: (a) the peridynamic contact bond (between node x; and its contact node x;), and (b) the reference location of
the node x; from the deformed location y;o.

(a) (b)

Fig. 3. The peridynamic contact bond forces in the conditions of (a) sticking and (b) sliding frictional contact.

contact nodes, which is presented in the following section.

The connection between boundary contact node and its contact nodes can be called as the peridynamic contact bondg, in which the
overline mark is used for distinguishing to the original peridynamic bond. As shown in Fig. 2(a), the contact bond §; = x; — x; is
defined, and X<Eu> and X<EU> are its reference and deformed vectors. The reference location of boundary node x; before contact is
marked as X;p, which can be relocated by its deformed location in the initial contact step yio, as 0.5 hy distance from the target boundary
along its normal vector (see Fig. 2(b)). When the contact happens, the contact bond El-j deforms from X<Ey> toX<§ij>, and two kinds of
deformed states are defined as:

X)) |

[Y(E;) -n ‘j X(;) -n|
X(g;) n|

5:(85) = @

where s and s, are the bond stretch and the bond normal stretch, respectively, and it is easy to know that these values are negative due
to contact.

2.2. Peridynamic contact bond forces

In this nonlocal formulation contact, two formations of peridynamic contact bond force are defined for two different contact cases
(see Fig. 3). In the sticking contact, the peridynamic sticking contact bond force is defined as:

Y(¢;)
Y(&;) |

While in the sliding frictional contact, the peridynamic normal and tangential contact bond forces can be respectively expressed as:

§<Ey> = Cﬁ@ij)@(z‘ﬁ @)
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where s and s, are the bond stretch and the bond normal stretch in Eq. (2), @ is the influence function, y is the frictional coefficient, n

and e are the unit normal and tangential vectors of the contact surface, where e is inversed to the sliding direction. ¢; and c, are the

sticking and sliding micromodulus for the peridynamic contact bond, and in the two-dimensional (2D) case, they can be expressed as:
3E. E.

& =b "46°Bh,

&=4 452Bhy

(6)
where &, is the contact horizon (see Fig. 1(b)), B is the thickness of 2D model, hy is the grid size of the peridynamic contactor model, j;
and g, are the modified coefficients, and E. is contact stiffness that takes the form of:

2 1—-vi 1=}

E. E E,

(7)

where E; and E; are the elastic modulus, v; and v, are the Poisson’s ratios of the contactor and target. The detail of derivative process
for Eq. (6) is shown in Appendix.

Overall, the formations of peridynamic contact bond force are different for the sticking and sliding contact. As presented in Eq. (3),
the sticking contact bond can be regarded as the original peridynamic compressive bond, since the bond stretch s is utilized for bond
force computation and the force direction is along its deformed vector. While in the sliding frictional contact, the bond normal stretch
sp is calculated and the tangential component of bond deformation has no contribution to contact bond forces. Additionally, for both
sticking and sliding cases, the contact bond forces are restricted by the Newton’s Third law as:

f@,y) = _E<Eji> ®)
Which provides the bond force formations of contact region nodes, and also ensures the linear admissibility condition.

2.3. Peridynamic contact force density

For the boundary node x; in contact (see Fig. 1), its peridynamic contact force density can be expressed as:

Fi = 1(E)dv; — > t( - ;)av; 9

jeH; Jj€Bic

where f is the peridynamic contact bond force given in Eqgs. (3)-(5), H; is the contact region in Fig. 1(b), By is the boundary region
whose contact regions include node x;. Thus, the total contact force F; of boundary contact node contains two parts, the first part is
related to its contact region H;. and the other part is from the boundary region B;. whose contact regions include node x;.

While if contact involving node x; is not the boundary contact node, the first part of contact force in Eq. (9) is equal to 0, and the
contact force density can be reduced as:

Fi= - )Y, a0
JEBic

Which shows F; is only from its corresponding boundary contact region B;., where the contact bond force can be computed by Eq.

(8).
3. Implementation of the peridynamic contact model

In the peridynamic numerical model with contact, the motion equation of peridynamic node x; can be expressed as:

paii(xi,1) = > {Tlxi, 1 (&) — Tl 1]( — &) }dV/ +Fi +bi(x;, 1) a1

keH;

where p; is the density of node x;, u; is its displacement at time t, H; is the neighborhood horizon of x;, xx is the neighbor node in H; that
satisfies|x, — x;|(5, & is the peridynamic horizon size, &; = xx — x; is the bond vector, T[x;,t] and T[x, t] are the force vector states of
nodes x; and X, respectively. F; is the contact force density in Eq. (9), b;(x;, t) is the body force density. In this study, the uniform grid
size Ax is utilized for both target and contactor models, which leads to h; = hy = Ax, and horizon size § = mAx is considered.
Additionally, it is easy to know that there is no overlapped region between the neighborhood H; and contact region H;., since they
belong to different bodies.
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Fig. 4. The flowchart of the nonlocal peridynamic contact model.

3.1. Normal vectors of the contact surface

The normal vector of the contact surface is essential for the contact condition evaluation and contact force computation. Here, the
normal vectors of contact boundary nodes are calculated for their corresponding contact surface normal vector computation.
The weighted mass of the peridynamic node x; in the deformed state is defined as:

G=py-y=y_p (y_y) (Eim) Vin (12)

meH;

where p; is the density of node x;, y is the deformation scalar state computed as|Y|. The unit outward normal vector of node x; can be
obtained by the gradient of its weighted mass as:

}qi'l ‘ ‘ngl—[‘ﬂi ()Q) <§im>,1 Vi

[ ett, Ot = yir) Vi |

where g;; means the partial derivative of g; in the I direction, and y,,; means the I directional component of the deformed vector y;,. The
derivation detail of Eq. (13) is given in Appendix.

In the peridynamic contact region, the unit outward normal vectors in the target and contactor are called as n; and ny, respectively
(see Fig. 1(a)). Thus, for a node to region contact map (see Fig. 1(b)), the normal vector of the node x; is ny; while the normal vector of
its contact region is defined as the average value of all the normal vectors of contained nodes as:

2ol
= 2™y 14
1 IS 14)

where M is the total number of the nodes in the contact region. However, the collinearity condition may not be satisfied between

n
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Fig. 5. Contact test of two plates with different materials.

normal vectors ny; andn;, and the modified normal vector is thus defined at the contact surface as:

n, —ny;

n (15)

B [, —ny
3.2. Evaluation of contact conditions

Evaluation of contact conditions is fundamental for solving contact problems, with which the suitable formations of peridynamic
bond force can be applied. In other words, the criteria should be defined for whether a peridynamic node is in contact and which kinds
of contact, sticking or sliding contact, is ongoing.

The contact criterion is given in Eq. (1). When Eq. (1) is satisfied, the sticking contact is firstly considered, and the peridynamic
bond force for contact bond Eij would be applied as:

£(&;) =1.(&;) (16)

When the peridynamic force of the node x; satisfies the criterion of:

S0 e S8 a7
j€Hic j€Hic
The contact is changed from sticking to sliding frictional condition, and the peridynamic contact bond force is changed into:
£(&;) = £.(&;) +£:(&;) 18)
In addition, the contact should be released when the direction of normal contact force is inversed as:
> 1.(E;) -ndv; <0 19
JEHic

Then, the normal and tangential peridynamic contact bond forces are all set to zero when the contact is released.

Therefore, using the criteria of Egs. (1), (17) and (19), the contact conditions of sticking, sliding and release are all evaluated, and
the whole contact process can be captured. While if the sliding frictional contact is individually considered, the peridynamic sliding
contact bond force in Eq. (18) is directly applied without the sliding evaluation of Eq. (17).

3.3. Flowchart of the peridynamic contact model

In general, the whole process of the proposed nonlocal peridynamic contact model is presented in Fig. 4.

As shown in Fig. 4, the node sets near the boundary are identified for contact evaluation preparation. In each time step, when the
contact criterion in Eq. (1) is satisfied, the bond stretch and bond normal stretch of contact bonds are calculated by Eq. (2), and the
normal vectors of contact surface are computed by Eq. (15). The contact bond forces are then obtained and applied by Egs. (16) and
(18) for sticking and sliding frictional contact, while the contact conditions are evaluated in Eq. (17).

Overall, the nonlocal version of peridynamic contact model is established. Unlike to the original node to node short-range contact
models, the contact force acts over the volumetric region rather than the single node; the normal vector of the contact surface is
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Table 1

Material properties of two plates.
Material E (GPa) v p (kg/m®)
1 200 0.27 7850
2 100 0.27 7850

+9.47e-06
+8.94e-06
+8.42e-06
+7.89¢-06
+7.36¢e-06
+6.83e-06
+6.30e-06

|
+5.77e-06
+5.24e-06
+4.72e-06
+4.19e-06
+3.66e-06
+3.13e-06
+2.60e-06
+2.07e-06
+1.54e-06
+1.02e-06
+4.87e-07

(a) ()

-3.27e-07 -5.27E-07
-1.05e-06 -1.05E-06
-1.58e-06 -1.58E-06
-2.11e-06 -2.11E-06
-2.63e-06 2.63E-06
-3.16e-06 -3.16E-06
-3.69e-06 -3.69E-06
-4.22e-06 -4.21E-06
-4.74e-06 -4.74E-06
-5.27e-06 -5.27E-06
-5.80e-06 -5.79E-06
-6.32e-06 -6.32E-06
-6.85e-06 -6.85E-06
-7.38e-06 -7.37E-06
-7.90e-06 -7.90E-06

9.47E-06
8.94E-06
8.41E-06
7.88E-06
7.36E-06
6.83E-06
6.30E-06
5.77E-06
5.24E-06
4.71E-06
4.19E-06
3.66E-06
3.13E-06
2.60E-06
2.07E-06
1.54E-06
1.02E-06
4.87E-07

-8.43e-06 -8.43E-06
-8.96e-06 -8.95E-06
-9.48e-06 -9.48E-06

©) (d)

Fig. 6. Comparisons of displacement distributions in x-direction: (a) FEM and (b) Peridynamics, and y-direction: (c) FEM and (d) peridynamics,
when u, = 1.0 x 10> m (sticking friction).

calculated and the sticking and frictional sliding contact can all be captured. Meanwhile, if the contact horizon 5.<V2Ax is considered,
the contact region would contain only one single node, and this node to region contact model is reduced into the node to node version.
In which the sticking contact cannot be correctly modeled, since the direction of the contact force is strongly affected by the grid
strategy and contact location. However, if the sliding frictional contact problem is individually considered, this reduced node to node
version contact model can still be applied.

4. Examples
In this section, three examples, including contact of two elastic plates, the end loaded split (ELS) with frictional interface crack and

7
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© D

Fig. 7. Comparisons of displacement distributions in x-direction: (a) FEM and (b) Peridynamics, and y-direction: (¢) FEM and (d) peridynamics,
when u, = 2.0 x 10°m (sliding friction).

Kalthoff-Winkler (KW) tests, are analyzed by the proposed peridynamic contact model to verify and validate the model.

4.1. Contact of two plates

4.1.1. Frictional contact of two plates

First, the contact of two elastic plates is investigated. The geometrical sizes and boundary conditions of the two plates are shown in
Fig. 5. Different elastic materials are utilized for two plates, and the material properties are given in Table 1. The plane stress condition
is considered, and the uniform thickness of B = 1 mm is used. The frictional contact is investigated with the fixed compressive
displacement load of uy, =-1.0 x 107> m and different sliding displacement loads of u, = 1.0 x 10> m and 2.0 x 10~> m. The frictional
coefficient value of y = 0.2 is used.

In peridynamic numerical model, the 5-convergence study [48] is performed with the decreasing horizon values of § = 16 mm, 8
mm and 4 mm, and the fixed value of m = 4. The adaptive dynamic relaxation (ADR) [49] method is utilized to get the final stable
solution. For peridynamic contact analysis, the proposed peridynamic contact model in Fig. 4 is performed in which the contact
horizon is equal to nonlocal horizon as 6. = §. The finite element method (FEM) is also used for the results comparison.

The displacement distributions of two plates with frictional contact are presented in Figs. 6 and 7, in which the fixed values of § = 4
mm and m = 4 are used. Meanwhile, for the quantitative comparison, the displacement components along the y-axis are typically

8
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Fig. 8. Displacement distributions along the middle line in x-direction (a) and y-direction (b), when u, = 1.0 x 10> m (sticking friction).
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Fig. 9. Displacement distributions along the middle line in x-direction (a) and y-direction (b), when u, = 2.0 x 10> m (sliding friction).

Table 2
Total contact forces of the contact surface.
u, = 1.0 x 10~° m (surface sticking) u, = 2.0 x 10~° m (sliding friction)
8 (mm) 16 8 4 FEM 16 8 4 FEM
F, (N) —107.42 —104.68 —103.14 -101.11 —139.07 —136.58 —135.32 —134.76
F, (N) 703.04 686.57 678.44 673.96 695.37 682.92 676.60 673.29

shown in Figs. 8 and 9, where the values of § = 16 mm, 8 mm and 4 mm, and the fixed value of m = 4 are utilized for the 5-convergence
study. As shown in Figs. 6-9, for both 1, = 1.0 x 10> m and u, = 2.0 x 10> m cases, the displacements from the present model greatly
match those from the FEM results. Additionally, the solutions show that when u, = 1.0 x 107> m, the displacements are continuous in
the whole system and the contact surface is sticking; while when u, = 2.0 x 10~> m, the x-directional displacement is discontinuous
across the contact surface (see Fig. 9(a)), and the sliding frictional contact is presented.

Furthermore, total contact forces of the contact surface are reported in Table. 2, in which different values of horizon § are
considered. As shown, in both u, = 1.0 x 10~° m (surface sticking) and u, = 2.0 x 10°m (sliding friction) cases, the total contact
forces predicted by peridynamics are converging to the FEM solutions as horizon sizes § decrease, and the maximum differences of
peridynamic results to FEM solutions are 2.0 % and 1.0 % for sticking and sliding frictional contact, respectively. Additionally, in the
uy=1.0 x 10°m (sticking) case, the total tangential contact force Fy is smaller than 0.2 time of total normal contact force Fy, as Fy <
uFy; while in u, = 2.0 x 107> m (sliding friction) case, Fy = UF, is satisfied.

4.1.2. Impact contact of two plates

Then, the impact contact of the two plates is investigated (see Fig. 10), in which the same geometrical sizes and material properties
are utilized. The impact velocity of contactor vy = 10 m/s is considered. For the numerical simulation, the fixed mesh sizes of § = 4 mm
and m = 4 are utilized. The explicit time integration scheme is performed, and the uniform time step of 3.0 x 1072 s is used.

The total normal contact force during impact contact is presented in Fig. 11, in which different values of the modified coefficient s,
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Fig. 10. Impact contact of two plates with different materials.
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Fig. 11. Total normal contact force of the contactor during the impact test.
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Fig. 12. Y-direction displacement of middle nodes in contactor (a) and target (b) plates during the impact test.

are considered. As shown in Fig. 11, the contact force increases rapidly at the beginning of contact, and finally decreases to zero at 1.9
x 107 s when the contact is released. Meanwhile, the total force predicted from peridynamic contact model has a nice coincidence
with the FEM solution, though the numerical oscillations exist because of the explicit time integration scheme in this dynamic contact.
According to the numerical tests, the oscillations can be largely reduced when the modified coefficient g, = 0.15 is utilized, thus the
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Fig. 14. End loaded split (ELS) test with a preset frictional crack along the middle interface.
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Fig. 15. Energy release rates of ELS specimens with different values of crack length ao.

reasonable value of modified coefficient 8, = 0.15 is considered in this dynamic contact problem.

Typically, the y-directional displacement of the middle nodes in contactor (upper) and target (down) plates during the impact are
shown in Fig. 12. As shown, the middle node in the target plate starts to move downward due to the impact wave at 1.1 x 107> s, and
keeps moving even when the contact is released at 1.9 x 10~* s. Meanwhile, the total kinetic and elastic strain energies of the whole
system are presented in Fig. 13. As shown in Fig. 13, the summation of the total kinetic and strain energy keeps in constant value of
15.7 J during the whole impact test, which is equal to the initial kinetic energy of the contactor with the velocity of 10 m/s.

In summary, the contact of two elastic plates are well predicted by the proposed peridynamic model, in which the sticking and
sliding frictional contact are modeled, and the dynamic process of the impact contact is predicted.

11
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Fig. 16. Distributions of x-direction displacement (m) [(a) and (b)], strain energy density J/m?) [(c) and (d)], local damage/crack path [(e) and
(0], and released energy density J/m3) [(g) and (h)] of the ELS specimen under the displacement load of 4.0 x 10 *mand 6.4 x 10 *m.

4.2. Frictional fracture of end loaded split (ELS) test

The end loaded split (ELS) test [50], usually utilized for pure II interface delamination analysis, is then analyzed for contact
investigation with frictional fracture. As shown in Fig. 14, the geometrical sizes of ELS specimen are given as: L = 240 mm and h = 40
mm. The plane stress condition is considered with the uniform thickness of 1 mm. The elastic isotropic material is utilized, and the
material properties are: E = 214 GPa, v = 0.3 and p = 7850 kg/mz.

A preset crack exists along the middle interface, the fracture toughness of Gy = 100 J/m? is used, and the frictional coefficient
values of ¢ = 0.0 and 0.3 are respectively considered. As the load is applied at the top of specimen (see Fig. 14), the frictional contact
exists in the preset crack surface. In peridynamic numerical model, the fixed mesh sizes of 6 = 4 mm and m = 4 are used. The sliding
frictional contact is considered with the peridynamic contact model of Egs. (4) and (5), and the values of the contact horizon §. = 1.2Ax
and the modified coefficient , = 0.15 are utilized.

4.2.1. Energy release rate of frictional crack

The energy release rate of the frictional crack is first analyzed, in which the fixed constant load of P = 20 N is considered (see
Fig. 14). The PD_VCCT method [22] is utilized for the energy release rate computation in peridynamic model, and FEM-based VCCT
method is used for the results comparison.

As shown in Fig. 15, the energy release rates of interface cracks with varying crack lengths ag are presented, in which different
frictional coefficient values of 4 = 0.0 and 0.3 are considered. As shown in Fig. 15, the numerical energy release rates from peridynamic
contact model closely match with FEM solutions within the maximum difference of 1.0 %. Meanwhile, compared to the frictionless
case (u = 0.0), the energy release rates of the frictional cracks (z = 0.3) decrease about 5 %. Which means that the surface friction has a
non-negligible influence on the crack energy release rate, and would further affect the fracture behaviors.
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Fig. 17. Applied load versus displacement of ELS specimens with different values of frictional coefficient (a) p = 0.0 and (b) p = 0.3.
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Fig. 18. Incremental surface energy related to crack length of ELS specimens with different frictional coefficients of (a) p = 0.0 and (b) p = 0.3.

4.2.2. Frictional interface fracture behaviors of ELS test

Then, the linearly increasing displacement of u(t) = —2.0 x 1072 * t m is applied on the ELS specimen (see Fig. 14), and interface
fracture behaviors with the frictional contact are investigated. For pure II fracture analysis, the angle-dependent critical stretch bond
failure criterion in [15] is utilized. The explicit time integration scheme is performed, and uniform stable time step [51] is set as 3.0 x
1078s.

The distributions of x-direction displacement, strain energy density, local damage and released energy density of the ELS specimen
under the displacement loads of 4.0 x 10~* m and 6.4 x 10~* m are presented in Fig. 16, where the pre-crack length ag = 120 mm and
the frictional coefficient 4 = 0.3 are considered. Generally, under the y-directional displacement loading, the x-direction displacement
distribution is antisymmetric (see Fig. 16(a) and (b)), the strain energy density distribution is symmetric (see Fig. 16(c) and (d)), with
respect to the middle interface. It shows that the frictional crack tip is under pure II condition, and the top displacement loading is
successfully transmitted to the bottom part through the surfaces contact. Meanwhile, with concentration of the strain energy density at
the pre-crack tip (see Fig. 16(c)), the crack starts to grow around 2.0 x 10 2s (see F ig. 16(e)) and propagates along the interface (see
Fig. 16(f)). And the released energy density also appears with the crack growth by gathering all the broken bond energy (see Fig. 16(g)
and (h)).

The applied load-displacement curves of ELS tests are shown in Fig. 17, where the different values of 4 = 0.0 and 0.3 are
respectively utilized. Generally, the applied load first linearly increases with the linearly increasing displacement, and drops with
numerical oscillations when the crack starts to grow. Compared to FEM solutions, the applied load-displacement relationships are
successfully captured by peridynamic model in both y = 0.0 and p = 0.3 cases. Typically, the predicted critical loads of the ELS
specimens are 70.7 N and 73.3 N for x = 0.0 and u = 0.3, respectively, within the maximum difference of 1.3 % to the FEM solutions (.i.
e. 69.9 N and 72.3 N). It also shows that the friction on the contact surface would increase the critical load of ELS specimen.

Additionally, the plots of the total released energy related to the crack length are given in Fig. 18. As presented, the curves for
different frictional coefficients are nearly coincident, and they have the close slope to the Griffith’s theory. The calculated energy
release rate Gq, which is defined in [13], is 96.3 J. /m? and 96.2 J/m? for the cases of u = 0.0 and u = 0.3, with the differences of 3.7 %
and 3.8 % to the input theoretical value (i.e. 100 J/m?).
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Fig. 19. Geometric sizes and impact condition of Kalthoff-Winkler test.
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Fig. 20. Total contact normal forces during the impact tests with different impact velocity conditions.

Overall, the numerical results show that the proposed contact model can successfully capture the fracture behaviors of the ELS
interface fracture, in which the frictional contact happens along the preset crack surfaces. And the friction effect on the contact surface
would decrease the energy release rate and increase the critical load of ELS specimen.

4.3. Kalthoff-Winkler (KW) test

A plate with two edged notches impacted by a projectile, called as the Kalthoff-Winkler test [52], is presented in Fig. 19, which is a
benchmark problem for dynamic fracture. The two-dimensional (2D) plane stress condition is considered, and the thickness of target
plate is 1 mm; while the thickness of projectile block is set as 39.25 mm to ensure the block has the same cross section as the
experimental cylinder. The elastic material in [53] is considered for both projectile block and target plate, and material properties are
presented as: E = 190 GPa, v = 0.3, p = 8000 kg/m? and G, = 2.217 x 10* J/m?

In the numerical peridynamic model, the fixed mesh sizes of § = 4 mm, 2 mm and m = 4 are utilized. The explicit time integration
scheme is performed with the uniform time step of 1.0 x 10~ s. The critical stretch bond failure criterion [15] is utilized for dynamic
fracture analysis. And the contact horizon §, = 4Ax and the modified coefficient 8, = 0.15 are utilized for the contact analysis.

First, the impact response of target plate is investigated without crack growth, and total contact normal forces during the impact
tests are presented in Fig. 20, in which different impact velocities of 10 m/s and 20 m/s are considered with the comparison to the FEM
solutions. As shown in Fig. 20, the total contact forces of different impact velocities have the similar tendency, and they decrease to
zero at 102.7 ps when the contact is released. Meanwhile, the values of contact force are consistent to the FEM results for both vy = 10
m/s and vo = 20 m/s cases.

Then, the peridynamic bond failure criterion is applied for crack growth modeling in the KW impact test, and the crack paths of
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Fig. 21. Local damage (crack path) distributions during impact tests with the impact velocity of vo = 10 m/s [(a), (b) and (c)], vo = 16.5 m/s [(d),
(e) and ()], and vo = 20 m/s [(g), (h) and (i)].
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Fig. 22. Total contact normal forces during the KW impact tests with or without crack growth when impact velocity vo = 20 m/s.

impacted plates under different impact velocities are shown in Fig. 21. Generally, the cracks grow symmetrically by kinking an angle,
about 68° respected to the initial crack direction, which greatly matches with the experimental observed angle of 70° [52]. Typically,
as impact velocity vo = 10 m/s, the cracks start to grow at 28.4 s and stop propagating at 101 ps with the final crack length of 52.5
mm; while as vy = 16.5 m/s, the cracks start to propagate at 23.3 ps and arrive to the boundary at 81.5 ps, in which the crack path is
nearly straight (see Fig. 21 (f)); when the value of v increases to 20 m/s, the preset crack grows at 16.9 ps, and two extra cracks initiate
from the middle of bottom at around 60.0 ps (see Fig. 21(h)) and propagate symmetrically toward the existed crack surface (see Fig. 21
@n.

Additionally, total contact normal forces during the impact tests with or without crack growth are presented in Fig. 22. Compared
to the fixed crack case, the contact force drops rapidly when crack starts to propagate, and decreases to zero at 73.4 ps. It is because the
internal energy of the impacted plate is released by the growing cracks. Meanwhile, the crack speeds during the KW tests are given in
Fig. 23, in which the different horizon sizes of § = 4 mm and 2 mm, and the impact velocity vy = 16.5 m/s are considered. As shown in
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Fig. 23. Velocity of the crack tip with different mesh sizes when impact velocity vo = 16.5 m/s.

Fig. 24. A node to region contact model for contact bond micromodulus computation.

Fig. 25. The normal vector computation of boundary node in the deformed state.

Fig. 23, the crack speeds first increase, and then decrease at about 50 ps. And the maximum crack speed is around 1700 m/s, about 61%
of the Rayleigh wave speed, which is 2799.2 m/s based on its material properties.

In summary, the KW impact behavior is well predicted by the peridynamic model, in which the kinking angle, crack path and crack
speed of the KW specimens are successfully captured.

5. Conclusions

In this paper, a new nonlocal peridynamic contact model is proposed for contact problems analysis. First, the long-range peri-
dynamic contact bond forces are developed for sticking and sliding frictional contact, and the corresponding numerical algorithm is
proposed for normal vector computation and contact condition evaluation. Then, three numerical examples, including contact of two
plates, the end loaded split and Kalthoff-Winkler tests are studied to verify the proposed model.

As examples, the sticking, sliding frictional and impact contact of two elastic plates are well predicted by the proposed contact
model, with a good agreement to the FEM solutions. The reasonable value of modified coefficient #, = 0.15 is obtained in the dynamic
impact contact based on numerical tests. In the ELS test, the interface crack energy release rates and displacement-load curves are well
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captured in both the frictionless (4 = 0.0) and frictional (4 = 0.3) cases. And the friction on the contact surface would decrease the
energy release rate and increase the critical load. While in the KW test, the cracks grow by kinking an angle, about 68° respected to the
initial crack direction, and the maximum crack speed is around 1700 m/s, about 61% of the Rayleigh wave speed when the impact
velocity vo = 16.5 m/s.

In general, the sticking, frictional sliding, impact contact and the involving fracture behaviors are all well modeled by the proposed
peridynamic contact model, with which the peridynamic theory can be utilized for the materials and structures failure analysis
including both contact and fracture.
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Appendix A

A.1. Peridynamic contact bond micromodulus

In the peridynamic contact model, a boundary node x contacting to its contact region H, is presented in Fig. 24. For the unit area ds
of this contact surface, the contact force along its normal vector is:

fi=pds=2 / . £(€) - ndV, dV; (20)
H.

where p is the pressure on the contact surface, f(€) is the peridynamic contact force density of bondg, H, is the contact region which is
the half circle when grid size converges to zero, and dV,; and dVj are volumes of nodes x and x. The first multiplier of 2 is for double
sides of the contact surface.

Here, a uniform normal compressive strain ¢, = -¢¢ is considered in the contact region, the total normal force in ds can thus be

obtained as:
Jn = pods = E.&ods (21)

where E, is the contact stiffness. In the sticking contact peridynamic model, considering the uniform strain, and using the sticking bond
force in Eq. (3), the total normal force can also be computed as:

fi=2 / £, (€) -ndVydV, =2 / ¢s€0c0s* pwsingdV, dVy (22)
He

H,

When the influence function @ = §./|€| is used, the integration solution of Eq. (22) in two-dimension (2D) can then be expressed as:

4 4
fi= gc.\eoadeVx = gc,ysoédeshz (23)

Considering Egs. (21) and (23), the peridynamic sticking contact micromodulus can be obtained as:

3E,
CY

- 24
" 452Bh, (24

where &, is the contact horizon, B is the thickness of 2D model, hy is the grid size of the contactor peridynamic model, and E, is contact
stiffness that takes the form of:
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E. E E,

R e O 25)

where E; and E; are the elastic modulus, v; and v, are the Poisson’s ratios of the contactor and target.
While in the sliding contact peridynamic model, considering the normal contact bond force in Eq. (4), the total normal force is:

n = n g) - n Vx" Vi = Cn€o ! Vx" Vi
2 f, dVyd 2 dV, d (26)
H. H

When the influence function @ = §,sing/|é| is utilized, the Eq. (26) can be rewritten as:
fu = 4c, 8082 BdV, = dc, 052 Bdsh, 27)
Considering Egs. (21) and (27), the peridynamic sliding contact micromodulus takes the form of:

_E
~ 48’Bh,

Cp (28)

Generally, the sticking and sliding bond micromodulus for the peridynamic contact are respectively expressed in Egs. (24) and (28).
However, in the discrete peridynamic models, the contact region H, in Fig. 24 is smaller than the assumed half circle. Meanwhile,
similar to the penalty contact model in the SPH [8] and FEM [54], the numerical disturbance would appear in the dynamic contact
problem because of the explicit time integration scheme. Thus, for the more stable solution, the sticking and sliding contact micro-
modulus can be rewritten as:

3E. E.

o 29
& =P "46Bhy (29)

&=p 452Bhy

where f, and p, are the modified coefficients. As expected, for the quasi-static contact problems, the given values of the modified
coefficient have small effect on the final stable solution; while for dynamic problems, the contact force oscillation would occur if the
relatively large value of modified coefficient is utilized, and the incorrect solution would appear with the small contact micromodulus.
However, the suitable modified coefficient can be obtained with serial numerical tests, with which the numerical contact oscillation
can be largely reduced.

A.2. Normal vectors of peridynamic boundary nodes

In the deformed state, a boundary node x and its neighborhood node x* moves to y andy , respectively (see Fig. 25). Here, the
weighted mass of the peridynamic node x is defined as:

q:ﬂX‘X:AP(L)@Vf (30)

where p is the density of node x, y is the deformation scalar state computed as|Y|. In the Cartesian coordinate system, the bond
deformation scalar can be computed as:

y& = /> 0i—-» (31)

=123

where y; and y; are the I directional components of the deformed vectors y andy , respectively.
The gradient of the weighted mass can be expressed as:

qJ:/HP<)Q><5>JV¢ (32)

Substitute Eq. (31) into Eq. (32), and apply the differential operation, the Eq. (32) can be rewritten into:
g1 = / 20(y; —y)Ve, (I=1,2,3) (33)
H,

In the 2D case of Fig. 25, consider the half circle horizon Hy and apply the integral operation in the cylindrical coordinate, the Eq.
(33) can be computed as:
4 4
g.= — 5/)63 sind; g, = §p53cosé) (34)
Thus, the unit outward normal vector of node x can be obtained:

n=_91 _ {sin@, —cosB}, (I =x,y) (35)

|9.]
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which exactly matches with the surface direction in Fig. 25. Therefore, in the discrete peridynamic numerical model, based on Eq. (33),
the unit outward normal vector of boundary node x; can be obtained by:

> e, Omt = Yit) Vi

n; =
|Zm€Hi(yml 7yil)Vm |

(36)

where y,,,y means the I directional component of deformed vector y,, V;, is the volume of point x,.
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