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 A B S T R A C T

A novel staggered grid shell particle method (SGSPM) is proposed in this paper to model 
the shell structural damage subjected to underwater explosion. The material point method 
(MPM) is used to model the fluid in underwater explosion, and the solid shell material point 
method (SSMPM) is adopted to model the shell structures. A staggered grid scheme is employed 
to eliminate the cell crossing noise and improve the accuracy of fluid simulation, and a 
conversion algorithm is proposed to handle the dynamic fracture of shell structures. In addition, 
a local multi-mesh contact method is introduced into the staggered grid scheme for modeling 
the fluid–structure interaction. Several numerical examples, including full hemispherical shell, 
penetration of a thin plate, large deformation of a plate subjected to underwater explosion, 
fragmentation of a plate and structural damage of a ship hull subjected to contact underwater 
explosion, are studied by the proposed SGSPM, and the numerical results agree well with the 
data in the literature and experiments.

1. Introduction

Underwater explosion is a class of extreme deformation problems and always causes severe damage to ship shell structures in 
engineering practice. To guide the design of engineering structures, the structural damage subjected to underwater explosion has 
attracted great attention. Experimental research and numerical research are important methods for evaluating the damage of ship 
structures. However, the cost of damage experiments on large engineering structures is extremely high. Therefore, the development 
of efficient and powerful numerical methods to simulate structural damage subjected to underwater explosion remains an active 
field of research.

Dynamic fracture of shell structures and multi-phase flow in underwater explosion are two challenges in this numerical study. 
Dynamic fracture involves extreme deformation and fragmentation. Traditional mesh-based methods suffer from mesh distortion and 
violate the law of mass conservation with erosion algorithms. Mesh-free methods, such as the material point method (MPM) [1,2], 
smoothed particle hydrodynamics (SPH) [3,4], element-free Galerkin (EFG) method [5–8], reproducing kernel particle method 
(RKPM) [9–12] and peridynamics (PD) [13–15] have been found to be more suitable for simulating dynamic fracture. Maurel and 
Combescure [4] presented a SPH shell formulation suitable for the simulation of shell fracture under impact. Peng et al. introduced 
a shell formulation in RKPM for the large deformation of curved shells [11] and further proposed a crack propagation algorithm for 
dynamic fracture in shell structures [12]. Behzadinasaba et al. [14] introduced a Kirchhoff–Love shell formulation in PD for modeling 
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large elasto-plastic deformations and fracture of shell structures. It is attractive that these methods combine the high efficiency of 
shell formulation with the advantages of mesh-free methods in dynamic fracture. The multi-phase flow in underwater explosion 
involves moving material interfaces of the gas, liquid and solid. Traditional mesh-based methods require an additional technique to 
capture the multi-phase interface, such as volume of fluid method [16] and level-set method [17]. Mesh-free methods discretize the 
domain with Lagrangian particles, so that the interfaces can be automatically tracked and the algorithm complexity can be reduced. 
Liu et al. [18] used the SPH to simulate the underwater explosion. Peng et al. [19] proposed a numerical model by coupling the 
SPH and RKPM shell formulation to simulate structural damage subjected to underwater explosion. Therefore, mesh-free methods 
have remarkable capabilities in modeling structural damage subjected to underwater explosion.

The material point method (MPM) is a typical representative of mesh-free methods. The MPM adopts a set of Lagrangian particles 
moving through an Eulerian background grid to surmount the challenges in simulations of extreme deformation. The MPM has shown 
its success in simulating various kinds of extreme deformation events during these decades, such as hyper velocity impact [20–23], 
penetration [24,25], fracture evolution [26–32], fluid flow [33–37] and fluid–structure interaction [38–42]. Many variants have been 
proposed to improve the accuracy and stability of MPM [43–53]. Bardenhagen et al. [43] developed the generalized interpolation 
material point (GIMP) method by accounting for spatial volume of each particle to reduce the cell crossing noise caused by the 
discontinuity in the gradient of linear shape function. Liang et al. [50,54] proposed the staggered grid material point (SGMP) method 
with the volume integrals in the weak form evaluated by cell center quadrature instead of particle quadrature to eliminate the cell 
crossing noise. Some variants have been presented for shell formulation in MPM [55,56]. Guo et al. [55] combined MPM and 
subdivision finite elements for thin-shell simulations with frictional contact. Li et al. [56] developed the solid shell material point 
method (SSMPM) with shell particles and locking treatments for the large deformation of shell structures. However, few work of 
MPM has explored the area of structural damage subjected to underwater explosion.

The MPM has been used to simulate the dynamic fracture of shell structures without underwater explosion. Yang et al. [57] used 
the MPM to simulate the fragmentation of a cylinder shell and a sphere shell driven by air explosion. Zhang et al. [58] proposed 
an explicit phase-field total Lagrangian material point method to model the collision and fracture of two hollow cylinder shells. 
To avoid locking phenomena in coarse background grid, the discretization size of background grid in their simulations was less 
than 1/5 of the shell thickness, which would lead to prohibitive computational cost. On the contrary, it is inspiring that shell 
formulation can surmount the numerical difficulties and achieve high efficiency. However, dynamic fracture simulation is difficult 
for the shell formulation of Guo et al. [55], because finite elements with rotational degrees of freedom (DOFs) are used to discrete 
shell structures. To solve this problem, the SSMPM is developed and considered to be more suitable for handling dynamic fracture 
of shell structures, although a conversion scheme to automatically simulate fracture is still required [56]. For the structural damage 
subjected to underwater explosion, the computational scale of simulation model is usually huge. The cell crossing noise would affect 
the solution accuracy if using the MPM to simulate the multi-phase flow in underwater explosion. Therefore, there is no suitable 
numerical method in the framework of MPM for the structural damage subjected to underwater explosion, which is the main target 
of this work.

In the present work, a novel staggered grid shell particle method (SGSPM) is developed by introducing the staggered grid scheme 
and conversion algorithm into the SSMPM and employing a local multi-mesh contact method. The fluid in underwater explosion is 
discretized by MPM particles. The cell center quadrature is employed with the staggered grid scheme to eliminate the cell crossing 
noise and to improve the accuracy of fluid simulation. The shell structures are discretized by shell particles. To be consistent with the 
scheme of fluid, the shell particles are also updated through the staggered grid scheme. For the dynamic fracture of shell structures, 
a conversion algorithm is employed to adaptively convert shell particles into MPM particles. And then, the MPM particles can be 
used to easily describe fracture. Moreover, the shell particles and MPM particles have only displacement DOFs and are updated 
by the staggered grid. Without additional algorithms, they can be naturally coupled for the interaction between the remaining 
shell particles and converted MPM particles. The advantages of the shell particles to simulate bending deformation and the MPM 
particles to simulate fragmentation are combined. A local multi-mesh contact method is proposed in the staggered grid scheme for 
the interaction between the fluid and shell structures. Several numerical examples, including hemispherical shell, penetration of a 
thin plate by a ball and extreme deformation of shell structures subjected to underwater explosion, are studied to verify and validate 
the proposed method, and numerical results are in good agreement with the data in the literature and experiments.

The rest of this paper is organized as follows. In Section 2, the basic idea of SSMPM and its shortcomings in the simulation of 
structural damage subjected to underwater explosion are briefly reviewed. Then, Section 3 presents the detailed methodology of 
the proposed SGSPM in terms of the staggered grid scheme and conversion algorithm. And a local multi-mesh contact method for 
the fluid–structure interaction is presented in Section 4. The algorithm summary and remark of the SGSPM are given in Section 5. 
Validations and benchmark simulations are presented in Section 6. Finally Section 7 gives the conclusion.

2. Brief review of the solid shell material point method

The weak form equivalent to momentum equations and traction boundary condition in updated Lagrangian formulation is given 
as 

∫𝛺
𝜌𝒖̈ ⋅ 𝛿𝒖d𝑉 + ∫𝛺

𝝈 ∶ 𝛿𝜺d𝑉 − ∫𝛺
𝜌𝒃 ⋅ 𝛿𝒖d𝑉 − ∫𝛤𝑡

𝒕̄ ⋅ 𝛿𝒖d𝐴 = 0 (1)

where 𝛤𝑡 denotes the traction boundary of material domain 𝛺, 𝜌 is the current density, 𝒖 is the displacement, 𝛿𝒖 is the virtual 
displacement, 𝝈 is the Cauchy stress in the current configuration, 𝜺 is the Cauchy strain, 𝒃 is the body force per unit mass and 𝒕̄ is 
the traction on the boundary.
2 
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Fig. 1. Spatial discretization of extremely deformed objects by MPM particles.

The SSMPM [56] adopts Lagrangian particles and an Eulerian background grid for spatial discretization. The MPM particles are 
used for extremely deformed objects, and the shell particles are adopted for shell structures. The background grid is used to integrate 
momentum equations. The SSMPM adopts leapfrog central difference integration scheme for temporal discretization. Same as the 
standard MPM, the computational process of the SSMPM in each time step consists of four steps: (1) particle-to-grid projection, (2) 
background grid momentum updating, (3) grid-to-particle mapping and particle updating, and (4) resetting the background grid.

2.1. Spatial discretization

2.1.1. MPM particle
In the MPM, the material domain 𝛺 of extremely deformed objects is discretized into a set of MPM particles, as illustrated in 

Fig.  1. The MPM particles act as quadrature points in calculating the integration of weak form equation. The density can be given 
by 

𝜌(𝒙) =
𝑛p
∑

𝑝=1
𝑚𝑝𝛿(𝒙 − 𝒙𝑝) (2)

where the subscript 𝑝 denotes the variables associated with particle 𝑝, 𝑛p is the total number of particles, 𝑚𝑝 is the mass of particle 𝑝, 𝛿
is the Dirac delta function with dimension of the inverse of particle volume, 𝒙 is the spatial coordinates in the current configuration, 
and 𝒙𝑝 is the coordinates of particle 𝑝.

The displacement field 𝒖(𝒙) of the computational domain is interpolated from the grid nodal displacement 𝒖𝐼  by the shape 
function 𝑁𝐼 (𝒙) of each grid node 𝐼 , namely 

𝒖(𝒙) =
𝑛g
∑

𝐼=1
𝑁𝐼 (𝒙)𝒖𝐼 (3)

where the subscript 𝐼 denotes the variables associated with the grid node 𝐼 , 𝑛g is the total number of background grid nodes, 𝑁𝐼 (𝒙)
is the shape function.

Substituting Eqs. (2) and (3) into the weak form Eq. (1) and invoking the arbitrariness of the virtual displacement 𝛿𝒖𝐼  lead to 
the discretized momentum equations at each grid node 

𝒑̇𝐼 = 𝒇 int
𝐼 + 𝒇 ext

𝐼 , ∀𝒙𝐼 ∉ 𝛤𝑢 (4)

in which 𝛤𝑢 is the displacement boundary of the material domain, 

𝒑𝐼 = 𝑚𝐼 𝒖̇𝐼 (5)

is the momentum at grid node 𝐼 , 

𝑚𝐼 =
𝑛p
∑

𝑝=1
𝑚𝑝𝑁𝐼 (𝒙𝑝) (6)

is the lumped grid mass matrix, 

𝒇 int
𝐼 = −

𝑛p
∑

𝑝=1
∇𝑁𝐼𝑝 ⋅ 𝝈𝑝𝑉𝑝 (7)

and 

𝒇 ext
𝐼 =

𝑛p
∑

𝑚𝑝𝑁𝐼𝑝𝒃𝑝 +
𝑛p
∑

𝑁𝐼𝑝 𝒕̄𝑝ℎ−1𝑉𝑝 (8)

𝑝=1 𝑝=1

3 
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Fig. 2. Spatial discretization of shell structures by shell particles.

are the internal and external nodal forces, respectively. In Eq. (7), 𝑁𝐼𝑝 = 𝑁𝐼 (𝒙𝑝) is the shape function of node 𝐼 evaluated at the 
position of particle 𝑝, 𝝈𝑝 is the stress of particle 𝑝 and 𝑉𝑝 is the volume of particle 𝑝. In Eq. (8), 𝒃𝑝 is the body force per unit mass 
of particle 𝑝, 𝒕̄𝑝 is the traction of particle 𝑝 and ℎ is the thickness of the fictitious layer used to convert the surface integral into a 
volume integral. Here, the strain rate 𝜺̇𝑝 and vorticity rate 𝜴̇𝑝 for calculating 𝝈𝑝 are given as 

𝜺̇𝑝 =
𝑛g
∑

𝐼=1

1
2
(

𝒗𝐼 ⊗ ∇𝑁𝐼𝑝 + ∇𝑁𝐼𝑝 ⊗ 𝒗𝐼
)

(9)

𝜴̇𝑝 =
𝑛g
∑

𝐼=1

1
2
(

𝒗𝐼 ⊗ ∇𝑁𝐼𝑝 − ∇𝑁𝐼𝑝 ⊗ 𝒗𝐼
)

(10)

where 𝒗𝐼  is the grid nodal velocity.
The stress is updated by 

𝜎𝑛+1𝑖𝑗 = 𝜎𝑛𝑖𝑗 + 𝜎̇𝑛+1∕2𝑖𝑗 𝛥𝑡𝑛+1∕2 (11)

where 𝜎̇𝑛+1∕2𝑖𝑗  is the stress rate at time 𝑡𝑛+1∕2, 𝜎𝑛+1𝑖𝑗  and 𝜎𝑛𝑖𝑗 are the stress at times 𝑡𝑛+1 and 𝑡𝑛, respectively. The leapfrog central 
difference integration scheme [59] is employed, and its details are provided in Section 2.2.

In order to correctly update the stress under finite deformation, the Jaumann rate [2] 
𝜎∇𝑖𝑗 = 𝜎̇𝑖𝑗 − 𝜎𝑖𝑚𝛺𝑗𝑚 − 𝜎𝑚𝑗𝛺𝑖𝑚 (12)

is employed in the constitutive model to eliminate the effects of rigid body rotation. Here, 𝛺𝑗𝑚 = 𝛺̇𝑗𝑚𝛥𝑡. Then, the stress is updated 
by 

𝜎𝑛+1𝑖𝑗 = 𝜎𝑛𝑖𝑗 +
(

𝜎𝑛𝑖𝑚𝛺
𝑛+1∕2
𝑗𝑚 + 𝜎𝑛𝑚𝑗𝛺

𝑛+1∕2
𝑖𝑚

)

𝛥𝑡𝑛+1∕2 + 𝜎∇𝑛+1∕2𝑖𝑗 𝛥𝑡𝑛+1∕2 (13)

Although elastic–plastic constitutive laws are used in the examples in Section 6, the elastic constitutive model is introduced here to 
simplify the explanation of the stress update. In the elastic constitutive model, 

𝜎∇𝑛+1∕2𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙 𝜀̇
𝑛+1∕2
𝑘𝑙 (14)

where 𝐶𝑖𝑗𝑘𝑙 is the elastic tensor.

2.1.2. Shell particle
In the SSMPM, the material domain 𝛺 of shell structures is discretized into a single layer of shell particles, as illustrated in Fig. 

2. The shell particles are defined by incorporating the concept of FEM within the MPM framework. A 3D shell particle consists of 
a hexahedral particle domain, eight particle corners and eight Gauss quadrature points. The particle domain is used to describe 
the geometry of the material domain. Quadrature points are employed to store historical variables, such as strain and stress. Mass, 
velocity, position and forces are calculated at particle corners. Particle corners have only displacement DOFs. The positions of the 
particle corners are also updated after integrating momentum equations on the background grid nodes to track the geometry of 
shell particles. Therefore, the coupling between shell particles and MPM particles is readily.

To integrate the discretized momentum equations at each grid node as Eq. (4), the lumped grid mass matrix from shell particles 
is given by 

𝑚𝐼 =
𝑛c
∑

𝑐=1
𝑁𝐼𝑐𝑚𝑐 (15)

where 

𝑚𝑐 =
𝑛p
∑

𝑛q
∑

𝑆𝑝
𝑐𝑞𝜌𝑉

𝑝
𝑞 (16)
𝑝=1 𝑞=1

4 
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is the mass of particle corner 𝑐. Here, the subscript 𝑐 denotes the variables associated with particle corner 𝑐, 𝑛c is the total number 
of particle corners, 𝑆𝑝

𝑐𝑞 = 𝑆𝑝
𝑐 (𝝃𝑞) is the shape function related to the 𝑐th corner of shell particle 𝑝 evaluated at the 𝑞th quadrature 

point, 𝑉 𝑝
𝑞  is the volume at the 𝑞th quadrature point of shell particle 𝑝 and 𝑛q is the number of quadrature points in a shell particle. 

The internal nodal force from shell particles is 

𝒇 int
𝐼 =

𝑛c
∑

𝑐=1
𝑁𝐼𝑐𝒇 int

𝑐 (17)

where 

𝒇 int
𝑐 = −

𝑛p
∑

𝑝=1

𝑛q
∑

𝑞=1
∇𝑆𝑝

𝑐𝑞 ⋅ 𝝈
𝑝
𝑞𝑉

𝑝
𝑞 (18)

is the internal force of particle corner 𝑐, and 𝝈𝑝
𝑞 is the stress at the 𝑞th quadrature point of shell particle 𝑝. The external nodal force 

from shell particles is 

𝒇 ext
𝐼 =

𝑛c
∑

𝑐=1
𝑁𝐼𝑐𝒇 ext

𝑐 (19)

where 

𝒇 ext
𝑐 =

𝑛p
∑

𝑝=1

𝑛q
∑

𝑞=1
𝑆𝑝
𝑐𝑞𝜌𝒃

𝑝
𝑞𝑉

𝑝
𝑞 (20)

is the external force of particle corner 𝑐 with the traction term omitted for simplicity, and 𝒃𝑝𝑞 is the body force per unit mass of 
particle 𝑝 at its 𝑞th quadrature point. Here, the strain rate and vorticity rate for calculating 𝝈𝑝

𝑞 are given as 

𝜺̇𝑝𝑞 =
𝑛c
∑

𝑐=1

1
2

(

𝒗𝑐 ⊗ ∇𝑆𝑝
𝑐𝑞 + ∇𝑆𝑝

𝑐𝑞 ⊗ 𝒗𝑐
)

(21)

𝜴̇𝑝
𝑞 =

𝑛c
∑

𝑐=1

1
2

(

𝒗𝑐 ⊗ ∇𝑆𝑝
𝑐𝑞 − ∇𝑆𝑝

𝑐𝑞 ⊗ 𝒗𝑐
)

(22)

where 𝒗𝑐 is the velocity of particle corner 𝑐, 𝜺̇𝑝𝑞 and 𝜴̇𝑝
𝑞 are the strain rate and vorticity rate at the 𝑞th quadrature point of shell 

particle 𝑝 respectively. When the stress is updated, the volume and density of quadrature points are also updated. The volume is 
updated using Gauss quadrature 

𝑉 𝑝
𝑞 =

2
∑

𝑘=1

2
∑

𝑙=1

2
∑

𝑚=1
𝑤𝑘𝑤𝑙𝑤𝑚

|

|

𝑱 (𝜉𝑘, 𝜂𝑘, 𝜁𝑘)|| (23)

where 𝑤𝑘, 𝑤𝑙 and 𝑤𝑚 are the weights at Gauss quadrature points; 𝜉𝑘, 𝜂𝑘 and 𝜁𝑘 are the natural coordinates of the Gauss quadrature 
points; and |

|

𝑱 (𝜉𝑘, 𝜂𝑘, 𝜁𝑘)|| is the determinant of the Jacobian matrix at quadrature points. The density of the quadrature points at 
time 𝑡𝑛 is updated by 

𝜌𝑝,𝑛𝑞 =
𝜌𝑝,0𝑞 𝑉 𝑝,0

𝑞

𝑉 𝑝,𝑛
𝑞

(24)

where 𝑉 𝑝,𝑛
𝑞  is the volume at the 𝑞th quadrature point of shell particle 𝑝 at time 𝑡𝑛, and 𝜌𝑝,0𝑞  and 𝑉 𝑝,0

𝑞  are the density and volume of 
the quadrature point at the initial time 𝑡0 = 0s.

The above formulation for shell particles is not sufficient to correctly simulate the bending deformation of shell structures. Shear 
locking, trapezoidal locking and thickness locking would cause an over stiff behavior of shell structures.

The assumed natural strain (ANS) method is introduced in shell particles to eliminate the shear locking and trapezoidal locking. 
In the natural coordinate system of the shell particle, as shown in Fig.  3, 𝜀𝜁𝜁  is accurate at sampling points 𝑆1, 𝑆2, 𝑆3, 𝑆4; 𝜀𝜂𝜁  is 
accurate at sampling points 𝑆5, 𝑆6, 𝑆7, 𝑆8; and 𝜀𝜁𝜉 is accurate at sampling points 𝑆9, 𝑆10, 𝑆11, 𝑆12. The respective strain components 
are first evaluated at the sampling points and then interpolated to calculate their values at the quadrature points.

The enhanced assumed strain (EAS) method is applied to shell particles for eliminating the thickness locking. The enhanced 
degrees of freedom, 𝜶, are defined at the particle centroid. The enhanced assumed strain field, 𝜺̄e, is calculated by 

𝜺̄e = 𝑩̄e𝜶 (25)

where 𝑩̄e is the enhanced assumed strain operator. The enhanced assumed strain field is then added to the original strain field to 
eliminate thickness locking. The details of the ANS and EAS methods can be found in the work of Li et al. [56].

Shell particles are inspired by the solid shell element in FEM. Based on the solid element in FEM, the ANS and EAS methods 
are introduced to correct strain and stress. As a result, the three-dimensional constitutive model can be directly adopted without 
modification. Therefore, the constitutive model and Jaumann rate used by the shell particles to update stress are the same as those 
of the MPM particles, as described at the end of Section 2.1.1.

With the precise description of bending deformation by the shell particles, a single layer of shell particles and a coarse 
background grid could be used in shell structure simulations. A coarse grid means that the shell particles occupy only one 
5 
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Fig. 3. The shell particle in the natural coordinate system [56].

or two layers of background grid cells in the thickness direction. Unlike the SSMPM, when using the MPM to simulate shell 
structures, the discretization size of background grid is typically smaller than 1/5 of the shell thickness, which results in prohibitive 
computational cost. The computational efficiency of shell simulations is significantly improved by the SSMPM compared to the 
MPM, as demonstrated in the work of Li et al. [56].

2.2. Temporal discretization

The leapfrog central difference integration scheme [59] is used in the SSMPM. In the step (2), the velocity 𝒗𝑛+1∕2𝐼  at time 𝑡𝑛+1∕2
and the displacement 𝒖𝑛+1𝐼  at time 𝑡𝑛+1 are updated by 

𝒗𝑛+1∕2𝐼 = 𝒗𝑛−1∕2𝐼 + 𝒂𝑛𝐼𝛥𝑡
𝑛 (26)

𝒖𝑛+1𝐼 = 𝒖𝑛𝐼 + 𝒗𝑛+1∕2𝐼 𝛥𝑡𝑛+1∕2 (27)

where 

𝛥𝑡𝑛 = 1
2
(𝛥𝑡𝑛−1∕2 + 𝛥𝑡𝑛+1∕2) (28)

is the time step at time 𝑡𝑛 and 𝛥𝑡𝑛+1∕2 = 𝑡𝑛+1 − 𝑡𝑛, and 𝒂𝑛𝐼  is the acceleration at time 𝑡𝑛 calculated by Eq. (4). For the stability 
requirement of central difference method, the critical time step is given as 

𝛥𝑡cr = min

⎡

⎢

⎢

⎢

⎣

𝑑g

max
𝑝

(

𝑐𝑝 +
|

|

|

𝒗𝑝
|

|

|

) ,
𝑑g

max
𝑝,𝑞

(

𝑐𝑝𝑞
)

⎤

⎥

⎥

⎥

⎦

(29)

where 𝑑g is the grid cell size, 𝑐𝑝 is the sound speed of MPM particle 𝑝, 𝒗𝑝 is the velocity of MPM particle 𝑝, and 𝑐𝑝𝑞  is the sound 
speed at the 𝑞th quadrature point of shell particle 𝑝. The time step is taken as 

𝛥𝑡 = 𝛼𝛥𝑡cr (30)

where 𝛼 is a constant that ranges from 0.6 to 0.8 in this work.
After momentum is updated on the background grid, the particle variables are updated by grid-to-particle mapping in the step 

(3). The MPM particles are updated by 

𝒗𝑛+1∕2𝑝 = 𝒗𝑛−1∕2𝑝 +
𝑛g
∑

𝐼=1
𝑁𝐼𝑝𝒂𝑛𝐼𝛥𝑡

𝑛 (31)

𝒙𝑛+1𝑝 = 𝒙𝑛𝑝 +
𝑛g
∑

𝐼=1
𝑁𝐼𝑝𝒗

𝑛+1∕2
𝐼 𝛥𝑡𝑛+1∕2 (32)

The shell particle corners are updated by 

𝒗𝑛+1∕2𝑐 = 𝒗𝑛−1∕2𝑐 +
𝑛g
∑

𝐼=1
𝑁𝐼𝑐𝒂𝑛𝐼𝛥𝑡

𝑛 (33)

𝒙𝑛+1𝑐 = 𝒙𝑛𝑐 +
𝑛g
∑

𝐼=1
𝑁𝐼𝑐𝒗

𝑛+1∕2
𝐼 𝛥𝑡𝑛+1∕2 (34)

so that the geometry of shell particles can be tracked.
6 
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Fig. 4. Diagram of the cell crossing noise.

2.3. Shortcomings of the SSMPM in structural damage subjected to underwater explosion

The SSMPM suffers from the cell crossing noise and disability to automatically simulate dynamic fracture when modeling 
structural damage subjected to underwater explosion. Simulation accuracy is affected by the cell crossing noise. In the step (4) of 
the computational process, the MPM particles and shell particle corners may cross from a grid cell to another. Taking one dimension 
for example, the shape function of node 𝐼 is given by 

𝑁𝐼 (𝜉) =
1
2
(1 + 𝜉𝜉𝐼 ) (35)

where 𝜉 is the natural coordinate and 𝜉𝐼  is the natural coordinate of node 𝐼 . The shape function is continuous in the adjacent cells 
of node 𝐼 , but the gradient of shape function is discontinuous between the adjacent cells, as illustrated in Fig.  4. Eqs. (17) and (18) 
for the internal nodal force from shell particles only involve the shape function, but Eq. (7) for the internal nodal force from MPM 
particles includes the gradient of shape function. Therefore, when the MPM particles crossing grid cell boundary, the internal nodal 
force would have a non-physical jump. This is called cell crossing noise and affects the accuracy of fluid simulation in underwater 
explosion.

The shell particles are able to describe bending deformation, but lack of the capacity for simulating dynamic fracture. The MPM 
particles can easily model fracture, but have difficulty simulating bending deformation. Neither shell particles nor MPM particles can 
be used alone to handle the dynamic fracture of shell structures. These two types of particles need to be combined by an additional 
algorithm, which will be further discussed in Section 3.2.

3. Staggered grid shell particle method

In this work, to simulate structural damage subjected to underwater explosion, a novel staggered grid shell particle method 
(SGSPM) is proposed by introducing the staggered grid scheme and conversion algorithm into the solid shell material point method. 
In Section 3.1, the staggered grid scheme is presented. In order to eliminate the cell crossing noise, the cell center quadrature is 
employed in calculating the mass, momentum and forces at grid nodes. The contribution of both MPM particles and shell particles 
are considered in the reconstruction of the physical quantities at cell centers. With the conversion algorithm in Section 3.2, shell 
particles under extreme deformation are adaptively converted into MPM particles and dynamic fracture could be simulated. The 
remaining shell particles and converted MPM particles are naturally coupled by the staggered grid. In the SGSPM, the leapfrog 
central difference integration scheme and the determination of time step are the same as those described in Section 2.2.

3.1. Staggered grid scheme

The staggered grid scheme is established in the framework of SSMPM. The computational process of the SGSPM in each time 
step is the same as that of SSMPM: (1) particle-to-grid projection, (2) background grid momentum updating, (3) grid-to-particle 
mapping and particle updating, and (4) resetting the background grid. However, key changes are introduced in the step (1) and 
step (3).

An auxiliary grid is generated by shifting the background grid by half the side length of its cells in each direction, as illustrated 
in Fig.  5. Consequently, the auxiliary grid nodes correspond to the cell centers of the background grid. The auxiliary grid and 
background grid together form the staggered grid. As shown in Fig.  5, the auxiliary grid can be divided into two regions: a single-
layer boundary region (highlighted in blue) and an inner region (highlighted in yellow). In the inner region, each auxiliary grid 
node coincides with the cell center of the background grid. In the boundary region 𝛺b, the shape function of auxiliary grid nodes, 
𝑁𝑎(𝒙), must be corrected to satisfy the partition of unity. Take one-dimension as an example, the corrected shape function is defined 
as 

𝑁𝑎 =

{

1
2

(

1 + 𝜉𝑎𝜉
)

𝒙 ∈ 𝛺 −𝛺b (36)

1 𝒙 ∈ 𝛺b

7 
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Fig. 5. The staggered grid consisting of an auxiliary grid and a background grid.  (For interpretation of the references to color in this figure legend, the reader 
is referred to the web version of this article.)

Fig. 6. The corrected shape function for the boundary cells of the auxiliary grid. (For interpretation of the references to color in this figure legend, the reader 
is referred to the web version of this article.)

which is illustrated in Fig.  6. In the boundary region 𝛺b, the shape function is replaced by 𝑁𝑎 = 1, as shown by the red line, while the 
rest remains unchanged. The three-dimensional shape function can be obtained by the tensor product of the three one-dimensional 
shape functions. 

In the staggered grid, a rectangular background grid and a rectangular auxiliary grid are employed. Based on the coordinates 
(𝑥min, 𝑦min, 𝑧min) and (𝑥max, 𝑦max, 𝑧max), as well as the cell size 𝑑g of the background grid, the relative positions and shape functions 
for both MPM particles and shell particle corners relative to the background grid and auxiliary grid can be obtained through simple 
and efficient calculations. Furthermore, the relative positions and shape functions remain unchanged during each time step, they 
only need to be calculated once at the beginning of each time step, resulting in low computational cost.

Structural damage subjected to underwater explosion consists of the flow in underwater explosion and dynamic fracture of shell 
structures. They are simulated by different types of particles.

3.1.1. Particles for fluid
The fluid in underwater explosion is simulated by MPM particles, as shown in Fig.  7. In the step (1), the physical quantities at 

grid nodes are evaluated by the cell center quadrature, namely, 

𝑚𝐼 =
𝑛a
∑

𝑎=1
𝑁𝐼𝑎𝑚𝑎 (37)

𝒑𝐼 =
𝑛a
∑

𝑎=1
𝑁𝐼𝑎𝒑𝑎 (38)

𝒇 int
𝐼 = −

𝑛a
∑

𝑎=1
∇𝑁𝐼𝑎 ⋅ 𝝈𝑎𝑉𝑎 (39)

𝒇 ext
𝐼 =

𝑛a
∑

𝑎=1
𝑁𝐼𝑎𝑚𝑎𝒃𝑎 (40)

where the subscript 𝑎 denotes the variables associated with cell center 𝑎, 𝑛a is the total number of background grid cells, 𝑁𝐼𝑎 = 𝑁𝐼 (𝒙𝑎)
is the shape function of node 𝐼 evaluated at the cell center 𝒙𝑎, 𝑚𝑎 is the cell mass and 𝑉𝑎 is the cell volume. The 8-node trilinear 
hexahedron cell is used and 𝑁𝐼𝑎 equals to 1∕8.

The quantities 𝑚𝑎, 𝒑𝑎, 𝝈𝑎𝑉𝑎 and 𝑚𝑎𝒃𝑎 at cell centers are reconstructed from MPM particles through the auxiliary grid, namely, 

𝑚𝑎 =
𝑛p
∑

𝑝=1
𝑁𝑎𝑝𝑚𝑝 (41)

𝒑𝑎 =
𝑛p
∑

𝑁𝑎𝑝𝑚𝑝𝒗𝑝 (42)

𝑝=1

8 
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Fig. 7. MPM particles for fluid in the SGSPM.

𝝈𝑎𝑉𝑎 =
𝑛p
∑

𝑝=1
𝑁𝑎𝑝𝝈𝑝𝑉𝑝 (43)

𝑚𝑎𝒃𝑎 =
𝑛p
∑

𝑝=1
𝑁𝑎𝑝𝑚𝑝𝒃𝑝 (44)

where 𝑁𝑎𝑝 = 𝑁𝑎(𝒙𝑝) is the shape function of auxiliary grid node 𝑎 evaluated at the position of particle 𝑝 (see Fig.  7).
The grid-to-particle mapping scheme in the step (3) is consistent with above mapping scheme. The physical quantities at cell 

centers are calculated from those at background grid nodes and then used to update the information of particles. The acceleration, 
velocity, strain rate and vorticity rate at cell centers are given as 

𝒂𝑎 =
8
∑

𝐼=1
𝑁𝐼𝑎𝒂𝐼 (45)

𝒗𝑎 =
8
∑

𝐼=1
𝑁𝐼𝑎𝒗𝐼 (46)

𝜺̇𝑎 =
𝑛g
∑

𝐼=1

1
2
(

𝒗𝐼 ⊗ ∇𝑁𝐼𝑎 + ∇𝑁𝐼𝑎 ⊗ 𝒗𝐼
)

(47)

𝜴̇𝑎 =
𝑛g
∑

𝐼=1

1
2
(

𝒗𝐼 ⊗ ∇𝑁𝐼𝑎 − ∇𝑁𝐼𝑎 ⊗ 𝒗𝐼
)

(48)

The MPM particles are updated by 

𝒗𝑛+1∕2𝑝 = 𝒗𝑛−1∕2𝑝 +
𝑛a
∑

𝑎=1
𝑁𝑎𝑝𝒂𝑛𝑎𝛥𝑡

𝑛 (49)

𝒙𝑛+1𝑝 = 𝒙𝑛𝑝 +
𝑛a
∑

𝑎=1
𝑁𝑎𝑝𝒗

𝑛+1∕2
𝑎 𝛥𝑡𝑛+1∕2 (50)

𝜺̇𝑝 =
𝑛a
∑

𝑎=1
𝑁𝑎𝑝𝜺̇𝑎 (51)

𝜴̇𝑝 =
𝑛a
∑

𝑎=1
𝑁𝑎𝑝𝜴̇𝑎 (52)

The auxiliary grid plays a key role in the mapping between MPM particles and background gird in the step (1) and step (3). And 
the cell crossing noise in the MPM particles for fluid is eliminated by the staggered grid scheme.

The fluid in underwater explosion consists of the explosive products of TNT, water and air. The air is ignored in the simulation 
because its effect on structural damage is negligible. The explosive products and water are modeled using MPM particles with 
different equations of state. In this work, spherical TNT is employed, and the detonation point is located at the center of the sphere. 
After the TNT is detonated, the pressure of the explosive products, 𝑝exp, is determined by the JWL equation of state and burn 
fraction [2], namely 

𝑝exp = 𝐹𝑝JWL (53)

The burn fraction is 

𝐹 =

⎧

⎪

⎨

⎪

(𝑡−𝑡𝐿)𝐷
1.5𝑑g

0

𝑡 > 𝑡𝐿
𝑡 ≤ 𝑡𝐿

(54)
⎩

9 



J. Li et al. Computer Methods in Applied Mechanics and Engineering 441 (2025) 117996 
Fig. 8. Particles for shell structures in the SGSPM.

where 𝑡 is current time, 𝑡𝐿 = 0s is detonation time and 𝐷 = 6930 m∕s is detonation velocity. When the burn fraction 𝐹 > 1, 𝐹  is set 
to 1. The JWL equation of state is 

𝑝JWL = 𝐴
(

1 − 𝜔
𝑅1𝑉

)

𝑒−𝑅1𝑉 + 𝐵
(

1 − 𝜔
𝑅2𝑉

)

𝑒−𝑅2𝑉 + 𝜔𝜌𝑒 (55)

where 𝐴 = 3.712 × 105MPa, 𝐵 = 3.21 × 103MPa, 𝑅1 = 4.15, 𝑅2 = 0.95 and 𝜔 = 0.3. 𝑉 = 𝜌0∕𝜌 is the relative volume. The initial density 
and the specific internal energy are 𝜌0 = 1630 kg∕m3 and 𝑒0 = 4.29 × 106 J∕kg, respectively.

The water is modeled by MPM particles with the Mie–Gruneisen equation of state [2] 

𝑝water = 𝑃H

(

1 −
𝛾𝜇
2

)

+ 𝛾𝜌𝑒 (56)

where 𝜇 = 𝜌∕𝜌0 − 1, 𝛾 = 0.5, and 

𝑃H =

⎧

⎪

⎨

⎪

⎩

𝜌0𝑐20𝜇(1+𝜇)

[1−(𝑆−1)𝜇]2

𝜌0𝑐20𝜇

𝜇 > 0
𝜇 < 0

(57)

with 𝜌0 = 1000 kg∕m3, 𝑐0 = 1480 m∕s and 𝑆 = 2.56. In the SGSPM, the volumetric locking is not a concern in the simulation of water 
because the cell center quadrature in the staggered grid scheme is the reduced integration and is free from volumetric locking.

3.1.2. Particles for shell structures
The dynamic fracture of shell structures is simulated by shell particles and converted MPM particles, as shown in Fig.  8. The 

mapping scheme for shell structure particles should be consistent with that for fluid particles. And the cell crossing noise in the 
converted MPM particles should be eliminated. Therefore, the particles for shell structures are also calculated in the staggered 
grid scheme. In the step (1), the contribution of both MPM particles and shell particles are considered in the reconstruction of the 
quantities at cell centers. The mass and momentum at cell centers are given by 

𝑚𝑎 =
𝑛s
∑

𝑠=1
𝑁𝑎𝑠𝑚𝑠 +

𝑛c
∑

𝑐=1
𝑁𝑎𝑐𝑚𝑐 (58)

𝒑𝑎 =
𝑛s
∑

𝑠=1
𝑁𝑎𝑠𝑚𝑠𝒗𝑠 +

𝑛c
∑

𝑐=1
𝑁𝑎𝑐𝑚𝑐𝒗𝑐 (59)

where the subscript 𝑠 denotes the variables associated with MPM particle 𝑠 converted from shell particles and 𝑛s is the total number 
of converted MPM particles. The forces at shell particle corners contributes to those at cell centers, namely, 

𝒇 int
𝑎 =

𝑛c
∑

𝑐=1
𝑁𝑎𝑐𝒇 int

𝑐 (60)

𝒇 ext
𝑎 =

𝑛c
∑

𝑐=1
𝑁𝑎𝑐𝒇 ext

𝑐 (61)

where 𝒇 int
𝑎  and 𝒇 ext

𝑎  denote the internal and external forces at cell centers mapped from shell particle corners. Then, the mass and 
momentum at grid nodes are obtained by Eqs. (37) and (38). The internal and external forces at grid nodes are evaluated by 

𝒇 int
𝐼 = −

𝑛a
∑

𝑎=1
∇𝑁𝐼𝑎 ⋅ 𝝈𝑎𝑉𝑎 +

𝑛a
∑

𝑎=1
𝑁𝐼𝑎𝒇 int

𝑎 (62)

𝒇 ext
𝐼 =

𝑛a
∑

𝑁𝐼𝑎𝑚𝑎𝒃𝑎 +
𝑛a
∑

𝑁𝐼𝑎𝒇 ext
𝑎 (63)
𝑎=1 𝑎=1
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Fig. 9. Conversion of a shell particle to MPM particles.

In the step (3), the converted MPM particles are updated by Eqs. (49)–(52). To guarantee the continuity of displacement between 
shell particles and converted MPM particles, the velocity and position of shell particle corners are updated by the same scheme, 
namely, 

𝒗𝑛+1∕2𝑐 = 𝒗𝑛−1∕2𝑐 +
𝑛a
∑

𝑎=1
𝑁𝑎𝑐𝒂𝑛𝑎𝛥𝑡

𝑛 (64)

𝒙𝑛+1𝑐 = 𝒙𝑛𝑐 +
𝑛a
∑

𝑎=1
𝑁𝑎𝑐𝒗

𝑛+1∕2
𝑎 𝛥𝑡𝑛+1∕2 (65)

The strain rate and vorticity rate of shell particles are evaluated by Eqs. (21) and (22). The locking treatments presented in the 
work of Li et al. [56] are also employed in shell particles.

3.2. Conversion algorithm

To model dynamic fracture of shell structures, a conversion algorithm is proposed to adaptively convert shell particles under 
extreme deformation into MPM particles. Subsequently, the failure treatment of MPM particles is utilized to simulate the fracture. 
In the MPM, the equivalent plastic strain failure criterion is generally employed. Once the equivalent plastic strain of the MPM 
particles reaches the failure strain 𝜀̄fail of the material, the deviatoric components of the stress tensor are set to zero. Therefore, 
the equivalent plastic strain conversion criterion is employed in the conversion algorithm. Once the equivalent plastic strain of a 
quadrature point exceeds the threshold, the shell particle is converted into MPM particles. The threshold for conversion is referred 
to as the conversion strain 

𝜀̄convert = 𝛽𝜀̄fail (66)

where 𝛽 is a constant that ranges from 0.6 to 0.9 in this work.
As shown in Fig.  9, the middle shell particle satisfies the conversion criterion and is converted into 2 × 2 × 2 MPM particles. In 

a background grid cell, it is common that two MPM particles are uniformly placed in each direction. The characteristic lengths of 
a shell particle in three directions, 𝑙𝜉 , 𝑙𝜂 and 𝑙𝜁 , are calculated before conversion. Integers 𝑛𝜉 , 𝑛𝜂 and 𝑛𝜁  are obtained after dividing 
the lengths by the background grid cell size and rounding. Therefore, the shell particle is removed and replaced by 2𝑛𝜉 × 2𝑛𝜂 × 2𝑛𝜁
MPM particles.

To obtain the information of converted MPM particles, the shell particle in natural coordinate system is divided into eight 
quadrants, and 𝑛𝜉 × 𝑛𝜂 × 𝑛𝜁  MPM particles are uniformly placed in each quadrant. The natural coordinates of MPM particles can 
be obtained and used to calculate the global coordinates. As shown in Fig.  9, the constants for the middle shell particle are 
𝑛𝜉 = 𝑛𝜂 = 𝑛𝜁 = 1. The natural coordinates of converted MPM particles are (±0.5,±0.5,±0.5), so that the global coordinates are 
given by 

𝒙𝑠 =
8
∑

𝑐=1
𝑁𝑐 (±0.5,±0.5,±0.5)𝒙𝑐 (67)

The mass of replaced shell particle is equally averaged to MPM particles. The history quantities (stress, strain, etc.) of MPM particles 
are set as those of the adjacent quadrature point in replaced shell particle. The velocity field in the material domain is characterized 
by the velocities at the shell particle corners, so the velocities of MPM particles are set to those of the adjacent shell particle corners 
to guarantee momentum conservation.

The remaining shell particles and converted MPM particles are combined together to model the dynamic fracture of shell 
structures. The momentum equations are solved on the same background grid and both types of particles are updated by the same 
mapping scheme. Coupling between the remaining shell particles and converted MPM particles is naturally implemented without 
additional algorithms. The advantages of shell particles to simulate bending deformation and MPM particles to model fracture are 
combined by the conversion algorithm.
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Fig. 10. Contact between particles for shell structures and particles for fluid.

4. Local multi-mesh contact method

A local multi-mesh contact method is presented for the interaction between the fluid and shell structures. The fluid is modeled 
by MPM particles. The shell structures are modeled by shell particles and converted MPM particles. They share the same nodal 
DOFs and have a consistent computational framework, which makes the contact method based on the staggered grid easy to be 
implemented.

The interaction of fluid body 𝑟 and shell structure body 𝑠 is shown in Fig.  10. In each time step, the velocities of two bodies at 
the same background grid node can be obtained after independently updating body 𝑟 and body 𝑠. Therefore, the contact state of 
each grid node can be detected by its velocities of two bodies, and contact forces can be imposed between two bodies to prevent 
penetration if contact occurs.

4.1. Contact detection

The contact detection is based on the velocity fields of two bodies at background grid nodes and distances between two bodies 
at auxiliary grid nodes. The velocity of body 𝑏(𝑏 = 𝑟, 𝑠) at background grid node 𝐼 can be obtained by 

𝑣𝑏,𝑛−1∕2𝑖𝐼 =
𝑝𝑏,𝑛−1∕2𝑖𝐼

𝑚𝑏,𝑛
𝐼

(68)

The process of the contact detection consists of two steps. First, potential contact regions are identified, and multiple grid nodes 
are generated. If the velocity of background grid node 𝐼 is influenced by the two bodies simultaneously, then both body 𝑟 and body 
𝑠 are in the support domain of background grid node 𝐼 . The grid node 𝐼 is then duplicated into multiple grid nodes 𝐼𝑟 and 𝐼𝑠, which 
store the information of body 𝑟 and body 𝑠, respectively. Only a subset of the background grid nodes are duplicated into multiple 
grid nodes in each time step, significantly reducing computational cost.

Second, contact conditions are checked. Contact may take place in the vicinity of background grid node 𝐼 if 
(𝑣𝑟,𝑛−1∕2𝑖𝐼 − 𝑣𝑠,𝑛−1∕2𝑖𝐼 )𝑛𝑟,𝑛𝑖𝐼 > 0 (69)

where 𝑛𝑟,𝑛𝑖𝐼  is the unit outward normal on the surface of body 𝑟 at background grid node 𝐼 . The 𝑛𝑟,𝑛𝑖𝐼  of fluid body is calculated by 
the gradient of mass of auxiliary grid nodes [54] as 

𝑛𝑟,𝑛𝑖𝐼 = 1
|

|

|

∑𝑛a
𝑎=1 𝑁𝐼𝑎,𝑖𝑚𝑎

|

|

|

𝑛a
∑

𝑎=1
𝑁𝐼𝑎,𝑖𝑚𝑎 (70)

or by 𝑛𝑟,𝑛𝑖𝐼 = −𝑛𝑠,𝑛𝑖𝐼 , where 𝑛
𝑠,𝑛
𝑖𝐼  is the unit outward normal on the surface of shell structure body at background grid node 𝐼 . For 

remaining shell particles of body 𝑠, the unit outward normal at auxiliary grid node 𝑎, 𝑛𝑠,𝑛𝑖𝑎 , is obtained by mapping the normal 
vectors on the surfaces of shell particles. Then, the 𝑛𝑠,𝑛𝑖𝐼  is calculated by mapping the 𝑛𝑠,𝑛𝑖𝑎  from auxiliary grid node 𝑎 to background 
grid node 𝐼 . For the converted MPM particles of body 𝑠, the 𝑛𝑠,𝑛𝑖𝐼  is given by Eq. (70).

The condition (69) can be rewritten in a momentum form as 
(𝑚𝑠,𝑛

𝐼 𝑝𝑟,𝑛−1∕2𝑖𝐼 − 𝑚𝑟,𝑛
𝐼 𝑝𝑠,𝑛−1∕2𝑖𝐼 )𝑛𝑟,𝑛𝑖𝐼 > 0 (71)

The distances between two bodies at auxiliary grid nodes are also considered in contact detection. Contact may take place at 
background grid nodes of cell 𝑎 if 

𝐷𝑟,𝑠
𝑎 < 𝜆𝑑𝑐 (72)

where 𝐷𝑟,𝑠
𝑎  is the minimum distance between two bodies in the direction of normal vector at auxiliary grid node 𝑎, 𝑑𝑐 is the cell 

size and 𝜆 is a specified distance factor.
In conclusion, if Eq. (71) is satisfied at background grid node 𝐼 and Eq. (72) is satisfied at the cell in which node 𝐼 is located, 

contact between two bodies occurs at node 𝐼 .
In addition, the sizes of shell particle domains should not exceed three grid cell sizes to ensure proper contact detection. During 

pre-processing, one to three layers of background grid cells are usually occupied by the shell particles in each in-plane direction.
12 
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4.2. Contact force

Contact force should be imposed to prevent penetration when contact occurs at background grid node 𝐼 . Then, the momentum 
𝑝𝑏𝑖𝐼  of body 𝑏(𝑏 = 𝑟, 𝑠) is given as 

𝑝𝑏,𝑛+1∕2𝑖𝐼 = 𝑝̄𝑏,𝑛+1∕2𝑖𝐼 + 𝑓 𝑏,c,𝑛
𝑖𝐼 𝛥𝑡𝑛 (73)

where 
𝑝̄𝑏,𝑛+1∕2𝑖𝐼 = 𝑝𝑏,𝑛−1∕2𝑖𝐼 + 𝑓 𝑏,𝑛

𝑖𝐼 𝛥𝑡𝑛 (74)

is the trial momentum and 𝑓 𝑏,c,𝑛
𝑖𝐼  is the contact force applied on body 𝑏 at time 𝑡𝑛.

The momentum 𝑝𝑏𝑖𝐼  should satisfy the impenetrability condition 

(𝑚𝑠,𝑛
𝐼 𝑝𝑟,𝑛+1∕2𝑖𝐼 − 𝑚𝑟,𝑛

𝐼 𝑝𝑠,𝑛+1∕2𝑖𝐼 )𝑛𝑟,𝑛𝑖𝐼 = 0 (75)

Substituting Eq. (73) into Eq. (75), the normal contact force 𝑓 nor,𝑛
𝐼 = 𝑓 𝑟,c,𝑛

𝑖𝐼 𝑛𝑟,𝑛𝑖𝐼 = −𝑓 𝑠,c,𝑛
𝑖𝐼 𝑛𝑟,𝑛𝑖𝐼  is obtained as 

𝑓nor,𝑛𝐼 = −
(𝑚𝑠,𝑛

𝐼 𝑝̄𝑟,𝑛+1∕2𝑖𝐼 − 𝑚𝑟,𝑛
𝐼 𝑝̄𝑠,𝑛+1∕2𝑖𝐼 )𝑛𝑟,𝑛𝑖𝐼

(𝑚𝑟,𝑛
𝐼 + 𝑚𝑠,𝑛

𝐼 )𝛥𝑡𝑛
= 𝑓nor,𝑛𝐼,1 + 𝑓nor,𝑛𝐼,2 (76)

where 

𝑓nor,𝑛𝐼,1 = −
(𝑚𝑠,𝑛

𝐼 𝑝𝑟,𝑛−1∕2𝑖𝐼 − 𝑚𝑟,𝑛
𝐼 𝑝𝑠,𝑛−1∕2𝑖𝐼 )𝑛𝑟,𝑛𝑖𝐼

(𝑚𝑟,𝑛
𝐼 + 𝑚𝑠,𝑛

𝐼 )𝛥𝑡𝑛
(77)

𝑓nor,𝑛𝐼,2 = −
(𝑚𝑠,𝑛

𝐼 𝑓 𝑟,𝑛
𝑖𝐼 − 𝑚𝑟,𝑛

𝐼 𝑓 𝑠,𝑛
𝑖𝐼 )𝑛𝑟,𝑛𝑖𝐼

𝑚𝑟,𝑛
𝐼 + 𝑚𝑠,𝑛

𝐼
(78)

For stick contact, the non-slip condition is 
(𝑚𝑠,𝑛

𝐼 𝑝𝑟,𝑛+1∕2𝑖𝐼 − 𝑚𝑟,𝑛
𝐼 𝑝𝑠,𝑛+1∕2𝑖𝐼 )𝑡𝑟,𝑛𝑖𝐼 = 0 (79)

Substituting Eq. (73) into Eq. (79), the tangential contact force 𝑓 stick,𝑛
𝐼 = 𝑓 𝑟,c,𝑛

𝑖𝐼 𝑡𝑟,𝑛𝑖𝐼 = −𝑓 𝑠,c,𝑛
𝑖𝐼 𝑡𝑟,𝑛𝑖𝐼  is obtained as 

𝑓 stick,𝑛𝐼 =
(𝑚𝑠,𝑛

𝐼 𝑝𝑟,𝑛−1∕2𝑖𝐼 − 𝑚𝑟,𝑛
𝐼 𝑝𝑠,𝑛−1∕2𝑖𝐼 )𝑡𝑟,𝑛𝑖𝐼

(𝑚𝑟,𝑛
𝐼 + 𝑚𝑠,𝑛

𝐼 )𝛥𝑡𝑛
+

(𝑚𝑠,𝑛
𝐼 𝑓 𝑟,𝑛

𝑖𝐼 − 𝑚𝑟,𝑛
𝐼 𝑓 𝑠,𝑛

𝑖𝐼 )𝑡𝑟,𝑛𝑖𝐼
𝑚𝑟,𝑛
𝐼 + 𝑚𝑠,𝑛

𝐼
(80)

where 

𝑡𝑟,𝑛𝑖𝐼 =
(𝑣𝑟,𝑛−1∕2𝑖𝐼 − 𝑣𝑠,𝑛−1∕2𝑖𝐼 ) − (𝑣𝑟,𝑛−1∕2𝑗𝐼 − 𝑣𝑠,𝑛−1∕2𝑗𝐼 )𝑛𝑟,𝑛𝑗𝐼 𝑛

𝑟,𝑛
𝑖𝐼

|

|

|

(𝑣𝑟,𝑛−1∕2𝑖𝐼 − 𝑣𝑠,𝑛−1∕2𝑖𝐼 ) − (𝑣𝑟,𝑛−1∕2𝑗𝐼 − 𝑣𝑠,𝑛−1∕2𝑗𝐼 )𝑛𝑟,𝑛𝑗𝐼 𝑛
𝑟,𝑛
𝑖𝐼
|

|

|

(81)

is the unit tangent at grid node 𝐼 . For slip contact, the Coulomb friction model can be adopted. The friction force is limited to 
𝜇 ‖

‖

‖

𝑓 nor,𝑛
𝐼

‖

‖

‖

, where 𝜇 is the friction coefficient, namely 

𝑓 tan,𝑛
𝐼 = min(𝜇‖𝑓 nor,𝑛

𝐼 ‖, ‖𝑓 stick,𝑛𝐼 ‖) (82)

Finally, the contact force for body 𝑏 is expressed as 
𝑓 𝑏,c,𝑛
𝑖𝐼 = 𝑓 nor,𝑛

𝐼 𝑛𝑏,𝑛𝑖𝐼 + 𝑓 tan,𝑛
𝐼 𝑡𝑏,𝑛𝑖𝐼 (83)

which can be applied to many engineering problems. In this work, only the normal contact force is considered for the problem of 
structural damage subjected to underwater explosion. In the examples in Section 6, the friction coefficient is set to 0 and friction 
force is ignored.

The impenetrability condition Eq. (75) may not be satisfied at the beginning of each time step if it is imposed at the end of the 
previous time step, because the background grid is reset in the step (4). The violation would cause disturbance to the system [24]. 
To eliminate the artificial disturbance, after mapping mass and momentum from particles to background grid by auxiliary grid, 
𝑓nor,𝑛𝐼,1  is imposed to adjust the background grid nodal momentum 𝑝𝑟,𝑛−1∕2𝑖𝐼  to 

𝑝̃𝑟,𝑛−1∕2𝑖𝐼 = 𝑝𝑟,𝑛−1∕2𝑖𝐼 + 𝑓 nor,𝑛
𝐼,1 𝑛𝑟,𝑛𝑖𝐼 𝛥𝑡

𝑛 (84)

The forces cause the acceleration at adjacent auxiliary grid nodes to be 

𝑎𝑠𝑖𝑎 =
8
∑

𝐼=1
𝑁𝐼𝑎𝑓

nor,𝑛
𝐼,1 𝑛𝑠,𝑛𝑖𝐼 ∕𝑚𝑠,𝑛

𝐼 (85)

Then, the velocity of the contact particle corner in body 𝑠 is adjusted to 

𝑣̃𝑠,𝑛−1∕2𝑖𝑐 = 𝑣𝑠,𝑛−1∕2𝑖𝑐 +
𝑛a
∑

𝑁𝑎𝑐𝑎
𝑠
𝑖𝑎𝛥𝑡

𝑛 (86)

𝑎=1
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5. Algorithm summary

The overall computational process of the SGSPM is summarized as follows:

1. Reconstruct the mass and momentum of cell centers from particles by Eqs. (58) and (59); Calculate those at background grid 
nodes from cell centers by Eqs. (37) and (38); Impose boundary conditions.

2. Detect contact state of each grid node. If Eqs. (71) and (72) are satisfied, the two bodies contact at the grid node 𝐼 .
3. Adjust the momenta of contact grid nodes by Eq. (84) and the velocities of contact shell particle corners by Eq. (86).
4. Calculate the strain and vorticity increments of cell centers and map the increments to MPM particles by Eqs. (47), (48), (51) 
and (52); Calculate the increments of shell particles by Eqs. (21) and (22), and modify the strain increment by the ANS and 
EAS methods.

5. Update the stress of MPM particles and shell particles; Reconstruct the stress and forces of cell centers by Eqs. (43), (44), 
(60) and (61); Calculate grid nodal force by Eqs. (62) and (63).

6. For contact grid nodes, calculate the second term of the normal contact force by Eq. (78) and the tangential contact force by 
Eq. (82); Add the contact forces to nodal force.

7. Integrate momentum equations on background grid.
8. Map the updated acceleration and velocity to cell centers by Eqs. (45) and (46); Update the velocity and position of MPM 
particles and shell particle corners by the acceleration and velocity of cell centers, Eqs. (49), (50), (64) and (65).

9. Convert failed and distorted shell particles into MPM particles based on the conversion algorithm.

𝑹𝒆𝒎𝒂𝒓𝒌: The key improvement of the SGSPM is to change the mapping scheme between particles and background grid nodes. With 
the staggered grid scheme, the cell crossing noise in the particles for fluid is eliminated. The conversion algorithm brings the ability 
to simulate dynamic fracture of shell structures. The fluid–structure interaction is implemented by the local multi-mesh contact 
method. Therefore, SGSPM is a promising method to simulate structural damage subjected to underwater explosion.

6. Numerical examples

In this section, the ability of the SGSPM to model the large deformation of shell structures is illustrated by the example of full 
hemispherical shell. The capacity to simulate the dynamic fracture of shell structures is verified by the penetration of a thin plate. 
And then, the large deformation of a plate subjected to underwater explosion is modeled to demonstrate that the SGSPM is capable 
of eliminating the cell crossing noise. Finally, the SGSPM is applied to simulate the fragmentation of a plate and structural damage 
of a ship hull subjected to contact underwater explosion.

6.1. Full hemispherical shell

Full hemispherical shell [60] is a test to verify the ability to simulate the large deformation of shell structures. As shown in 
Fig.  11, the shell has a radius of 𝑅 = 10.0 mm and a thickness of 𝑡 = 0.5 mm. The strength model of the shell is described by the 
elasto–plastic constitutive law with linear isotropic hardening. The material has a Young’s modulus of 𝐸 = 10 MPa, a Poisson’s 
ratio of 𝜈 = 0.2, an initial yield stress of 𝜎y0 = 0.2 MPa and a plastic hardening modulus of 𝐻iso = 9 MPa. Four central symmetry 
concentrated loads are applied to the shell.

Since the SGSPM is implemented as an explicit scheme for dynamic problems, this quasi-static problem is studied using the 
dynamic relaxation process with artificial damping. In the dynamic relaxation process, the external load 𝐹  increases linearly to the 
specified value 𝐹spe, namely 

𝐹 =

{ 𝑡
0.9𝑡e

𝐹spe

𝐹spe

0 ≤ 𝑡 ≤ 0.9𝑡e
0.9𝑡e ≤ 𝑡 ≤ 𝑡e

(87)

where 𝑡 is current time and 𝑡e is the end time of simulation. To ensure that the deformation reaches equilibrium as quickly as 
possible, an artificial damping force 𝒇 damp

𝑐  is applied to the shell particle corners 

𝒇 damp
𝑐 = −𝜂𝒗𝑐 (88)

where 𝜂 is the artificial damping factor. In this example, 𝑡e = 0.1ms, 𝜂 = 5×10−8 and the density of material is set to 𝜌 = 1×10−9g∕mm3.
As shown in Fig.  11, the 1/4 model is adopted for simulations due to symmetry and is discretized into 12 × 12 shell particles. 

The background grid cell size is 0.25 mm. When 𝐹 = 0.04 kN, the deformed configuration of the shell is illustrated in Fig.  12. 
The contours of equivalent plastic strain and von Mises stress obtained by SGSPM and SSMPM are shown in Fig.  12(a) and (c). As 
discussed in Section 2.3, MPM particles are affected by cell crossing noise, whereas shell particles are not. Therefore, the contours 
obtained by SGSPM and SSMPM are consistent. The contours obtained by ABAQUS are shown in Fig.  12(b) and (d). The equivalent 
plastic strain contour of SGSPM agrees well with that of ABAQUS, but there are some differences in their von Mises stress contours 
due to their different post-processing display methods used. In the contours of SGSPM, the maximum von Mises stress of quadrature 
points is plotted in each shell particle. However in ABAQUS, the von Mises stress in each element is reconstructed. The maximum 
14 
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Fig. 11. Diagram and discretization of full hemispherical shell.

Fig. 12. Contours of equivalent plastic strain and von Mises stress obtained by SGSPM, SSMPM and ABAQUS.

Von Mises stress, 𝜎max
Mises = 0.72 MPa, can be calculated by substituting the maximum effective plastic strain, 𝜀max

p = 0.058, into the 
elasto–plastic constitutive law with linear isotropic hardening in this section, namely, 

𝜎max
Mises = 𝜎y0 +𝐻iso𝜀

max
p (89)

which confirms that the von Mises stress contour of SGSPM is also reasonable.
The inner and outer surfaces of shell structures are explicitly represented due to the hexahedral particle domain of shell particles. 

The radial displacements at the inner and outer points of A and B can be obtained when the shell is dynamically relaxed to the 
equilibrium state. The curves of load 𝐹  versus the displacements obtained by SGSPM and SSMPM are illustrated in Fig.  13. The 
curves given by the literature [60] (represented as Kli06) and the FEM with the CSS8 element of ABAQUS (denoted as Reference) 
are also shown. The results of SGSPM and SSMPM show good agreement with these reference results. When the background grid 
size is 0.5 mm, the results of SGSPM are identical to those obtained with a grid size of 0.25 mm, so they are omitted. This example 
demonstrates the ability of SGSPM for simulating large deformation of shell structures.

6.2. Penetration of a thin plate by a ball

To verify the capacity of SGSPM to simulate the dynamic fracture of shell structures, the penetration of a thin circular plate by 
a ball is modeled in this section. The circular plate has a diameter of 178 mm and a thickness of 1 mm. The ball has a diameter of 
10 mm and an initial velocity of 200 m/s. The direction of impact is normal to the plate.

As shown in Fig.  14, the 1/4 model is used due to symmetry. The plate is discretized into 9048 shell particles. The ball is 
discretized into 8388 MPM particles. The background grid size is 0.5 mm. The friction is neglected and the contact distance factor 
15 
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Fig. 13. Plot of load 𝐹 v.s. displacements at the inner points and outer points of A and B.

Fig. 14. Diagram for the plate and ball.

Table 1
Material constants of steel.
 𝜌 (kg∕m3) 𝐸 (GPa) 𝑣 𝐴 (MPa) 𝐵 (MPa) 𝑛  
 7850 200.0 0.30 600.0 275.0 0.36 

is set to 1.0. The strength model of the steel ball and steel plate is described by the elasto–plastic constitutive law with isotropic 
hardening 

𝜎𝑦 = 𝐴 + 𝐵𝜀𝑛p (90)

where 𝐴,𝐵 and 𝑛 are the material constants, 𝜎𝑦 is the flow stress and 𝜀p is the effective plastic strain. The material constants are 
listed in Table  1 from the experiment [61]. The failure of MPM particles is considered by setting the deviatoric components of the 
stress tensor to zero when the effective plastic strain reaches the failure strain 𝜀̄fail = 0.45. Shell particles are converted into MPM 
particles when the equivalent plastic strain of a quadrature point exceeds the conversion strain 𝜀̄convert = 0.3.

The configurations in the penetration process are shown in Fig.  15. The shell particles under extreme deformation are adaptively 
converted into MPM particles and some MPM particles fail, which allows the plate to be perforated by the ball. In addition, the 
converted MPM particles are still coupled with remaining shell particles to simulate the same plate.

The residual velocities of the ball obtained by SGSPM is 88.2 m/s. The final deformed thin plates obtained by the experiment [61] 
and SGSPM are shown in Fig.  16, in which ℎ is the height of the final deformed plate and 𝐷 is the diameter of penetrated hole. 
The value of ℎ∕𝐷 obtained by simulation is 0.82 which is consistent with the experiment result 0.84. When the background grid 
size is 1 mm, the results of SGSPM are identical to those obtained with a grid size of 0.5 mm. The same results are obtained after 
rotating the model by 45◦ relative to the background grid. The advantages of the shell particles to simulate bending deformation 
and the MPM particles to simulate fragmentation are combined in this example, which verifies the capacity of SGSPM to simulate 
the dynamic fracture of shell structures.

6.3. Large deformation of a plate subjected to underwater explosion

In this section, the large deformation of a plate subjected to underwater explosion is simulated to demonstrate the elimination of 
the cell crossing noise. Ramajeyathilagam and Vendhan [62] carried out the experiment. The size of the plate is 300 mm× 250 mm. 
The thickness of the plate is 2 mm. The TNT explosive has a mass of 23.4 g and is located at 150 mm below the center of the plate.
16 
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Fig. 15. Configurations in the penetration process.

Fig. 16. Final deformed shape of the thin plate.

Fig. 17. Diagram of plate subjected to underwater explosion.

Due to symmetry, the first octant of the model is simulated, as shown in Fig.  17. The deformable part of the plate has a size 
of 150 mm × 125 mm and is discretized into 3000 shell particles. The rest of the plate is clamped. The fluid domain has a size of 
300 mm× 250 mm× 150 mm and is discretized into 11,060,800 MPM particles. The background grid size is 2 mm. For the plate, the 
boundary conditions at 𝑥 = 0 mm and 𝑦 = 0 mm are symmetric boundaries. For the fluid, the boundary conditions at 𝑥 = 0 mm, 
𝑦 = 0 mm and 𝑧 = 0 mm are symmetric boundaries, and the surfaces of 𝑥 = 300 mm and 𝑦 = 250 mm are set as non-reflecting 
boundaries. The friction is neglected and the contact distance factor is set to 1.0.

The elasto–plastic constitutive law with isotropic hardening and Cowper–Symonds model 

𝜎𝑦 = (𝐴 + 𝐵𝜀p)
[

1 +
( 𝜀̇p

)𝑚]

(91)

𝐶
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Fig. 18. Contours of fluid pressure and plate velocity at 𝑡 = 75 μs.

Fig. 19. Deflection history of the plate center.

is employed to model the steel plate [62], where 𝐴 = 300 MPa, 𝐵 = 250 MPa, 𝐶 = 40 s−1 and 𝑚 = 5. The Young’s modulus and 
Poisson’s ratio of the steel are 210 GPa and 0.3, respectively. The density of the steel is 7860 kg∕m3. The material of TNT and water 
are set the same as those in Section 3.1.1.

The pressure contour of the fluid and the velocity contour of the plate at 𝑡 = 75 μs obtained by SGSPM and SSMPM are shown 
in Fig.  18. The shock wave generated by the underwater explosion arrives at the plate at this time. The upward velocity of the 
plate is generated due to the fluid–structure interaction. Severe numerical noise is evident in the shock wave obtained by SSMPM. 
In contrast, the shock wave obtained by SGSPM is relatively smooth, because the cell crossing noise is eliminated by the staggered 
grid scheme in the SGSPM.

Fig.  19 plots the deflection history of the plate center. The deflections of SGSPM and SSMPM finally reach stable values. However, 
the stable value of SSMPM is lower than that of SGSPM. The final deformed configurations and pressure contours of the plate are 
shown in Fig.  20. The plate has undergone large deformation, which can be seen from the deflection contours of simulations. The 
deformed configurations in the simulations are in good agreement with the experimental result. The pressure contour of the plate 
obtained by SGSPM is smoother than that obtained by SSMPM because the deformation of the plate is driven by the shock wave in 
the fluid and the fluid simulation of SGSPM is more accurate than that of SSMPM.

The final deflection along the short and long symmetry axes is given in Fig.  21. The final center deflections are listed in Table 
2 to specifically compare the results of experiment and simulations. The results obtained by SSMPM and LS-DYNA [62] are slightly 
different from the experimental results. However, the center deflection of SGSPM is consistent with the experimental result with the 
relative error of 1.2%, and the deflection along the symmetry axes of SGSPM is in good agreement with the experimental results.

A mesh sensitivity analysis of SGSPM is further performed. The background grid cell sizes 𝑑g are chosen as 4 mm, 2.5 mm, 
2 mm and 1.5 mm, respectively. The final center deflections obtained by those simulations are 58.7 mm, 58.5 mm, 58.5 mm and 
58.5 mm, respectively. The result for the cell size 𝑑 = 4 mm is consistent with the experimental result. As the grid is refined, the 
g
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Fig. 20. Final deformed configurations and pressure contours of the plate.

Fig. 21. Final deflection along the symmetry axes.

Table 2
Final center deflections.
 Experiment SGSPM SSMPM LS-DYNA 
 Center deflection (mm) 57.8 58.5 53.5 61.6  

results become more accurate and converge to 58.5 mm. This example demonstrates the elimination of the cell crossing noise in 
the SGSPM and verifies the accuracy of SGSPM in simulating shell structures subjected to underwater explosion.

6.4. Fragmentation of a plate subjected to contact underwater explosion

The SGSPM is applied to simulate the fragmentation of a plate subjected to contact underwater explosion in this section. 
Rajendran and Narasimhan [63] carried out the experiment. The circular plate has a radius of 145 mm and a thickness of 4 mm. 
The TNT explosive has a mass of 22.3 g and is right below the center of the plate.
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Fig. 22. Diagram of plate subjected to contact underwater explosion.

Fig. 23. Contours of water pressure and plate failure at 𝑡 = 30 μs.

As shown in Fig.  22, the 1/4 model is simulated due to symmetry. The deformable part of the plate is discretized into 2476 
shell particles. The rest of the plate is clamped. The fluid domain has a size of 200 mm × 200 mm × 100 mm and is discretized into 
4,221,760 MPM particles. The background grid size is 2 mm. The boundary conditions at 𝑥 = 0 mm and 𝑦 = 0 mm are symmetric 
boundaries for the plate and fluid. The surfaces of 𝑥 = 200 mm, 𝑦 = 200 mm and 𝑧 = 0 mm are set as non-reflecting boundaries for 
the fluid. The friction is neglected and the contact distance factor is set to 0.5.

The strength model of the steel plate [63] is described by the elasto–plastic constitutive law 

𝜎𝑦 = 𝐴(𝐵 + 𝜀p)𝑛
[

1 +
( 𝜀̇p
𝐶

)𝑚]

(92)

where 𝐴 = 720 MPa, 𝐵 = 0.025, 𝑛 = 0.16, 𝐶 = 70 s−1 and 𝑚 = 8. The Young’s modulus and Poisson’s ratio of the steel are 210 GPa 
and 0.3, respectively. The density of the steel is 7860 kg∕m3. The failure strain of the steel is 𝜀̄fail = 0.18. The deviatoric components 
of the stress tensor are set to zero when the effective plastic strain of MPM particles reaches the failure strain. Shell particles are 
converted into MPM particles when the equivalent plastic strain of a quadrature point exceeds the conversion strain 𝜀̄convert = 0.15. 
The material of TNT and water are set the same as those in Section 3.1.1.

The pressure contour of the water and the failure contour of the plate at 𝑡 = 30 μs obtained by SGSPM are shown in Fig.  23. 
If the equivalent plastic strain of MPM particles reaches the failure strain, the failure value is set to 1 and the failure treatment in 
Section 3.2 is applied to the MPM particles. The failure value of shell particles and other MPM particles is set to 0. The explosive 
gas is represented by white particles to clearly distinguish between the plate and water. The explosive gas expands rapidly after the 
explosive is detonated. Large deformation and fragmentation occur in the center of the plate due to the fluid–structure interaction.

The process of the plate fracture obtained by SGSPM is shown in Fig.  24. Severe local bulge is generated and initial cracks are 
formed in the center of the plate at 𝑡 = 0.1 ms. A petal-shaped fracture appears on the plate when the cracks propagate to 𝑡 = 0.5 ms. 
The petal-shaped fracture rolls outwards and reaches a stable state at 𝑡 = 0.8 ms. The process of the plate fracture obtained by 
SSMPM with the conversion algorithm in this work is shown in Fig.  25. The crack propagation process is sensitive to numerical 
noise. Obvious branching appears in the process of crack propagation due to the cell crossing noise.

Fig.  26 compares the final deformed configurations of the plate in the experiment, SGSPM and SSMPM. The radii of the crack 
(half of the maximum distance between crack tips) obtained by different methods are listed in Table  3. The relative error between 
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Fig. 24. Process of the plate fracture by SGSPM.

Fig. 25. Process of the plate fracture by SSMPM.

Fig. 26. Final deformed configurations of the plate.

the experiment and SGSPM is 7.7%. The result of SSMPM is 85.3 mm (considering the start of branching as crack tip) or 100.6 mm 
(considering the end of branching as crack tip). The result of SGSPM is significantly better than that of SSMPM because the SGSPM 
eliminates the cell crossing noise.

Slight circumferential failure is observed in the final configuration of SGSPM. This difference between the numerical and 
experimental results may be caused by the approximate description of cracks. In the present work, a collection of failure MPM 
particles is used to approximate cracks, which is simple and computationally efficient. In this example, the results of SGSPM are 
relatively accurate. A more accurate crack description method will be realized in the future work.
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Table 3
Radius of the crack.
 Experiment SGSPM SSMPM

 Start of branching End of branching 
 Radius of the crack (mm) 120 110.8 85.3 100.6  

Fig. 27. Diagram and simulation model of ship hull subjected to contact underwater explosion.

Table 4
Lengths of the hole on the outboard armor plate.
 Experiment SGSPM 
 Longitudinal length (mm) 430 406  
 Vertical length (mm) 340 367  

6.5. Structural damage of a ship hull subjected to contact underwater explosion

The SGSPM is applied to simulate the structural damage of a ship hull subjected to contact underwater explosion in this section. 
Zhu et al. [64] carried out the experiment. The diagram of the ship hull is shown in Fig.  27(a) and (b). The TNT explosive has a 
mass of 300 g.

As shown in Fig.  27(c), the 1/2 simplified model is simulated due to symmetry. The computational domain has a size of 
750 mm×850 mm×850 mm. The ship hull is discretized into 177,703 shell particles. The fluid domain is discretized into 30,454,460 
MPM particles. The background grid size is 4 mm. The boundary conditions at 𝑥 = 750 mm are symmetric boundaries for the ship 
hull and fluid. The surfaces of 𝑥 = 0 mm, 𝑦 = 0 mm, 𝑦 = 850 mm and 𝑧 = 0 mm are set as non-reflecting boundaries for the fluid. The 
friction is neglected and the contact distance factor is set to 1.0.

The defensive longitudinal bulkhead and deck are made of low alloy steel, and the rest of the ship hull is made of carbon steel. 
The elasto–plastic constitutive law with isotropic hardening and Cowper–Symonds model in Section 6.3 is employed to model the 
steel. The parameters for the low alloy steel [64] are set as 𝐴 = 390 MPa, 𝐵 = 1305 MPa, 𝐶 = 6 × 10−4 s−1 and 𝑚 = 50.8, while 
the parameters for the carbon steel [64] are set as 𝐴 = 235 MPa, 𝐵 = 250 MPa, 𝐶 = 40.4 s−1 and 𝑚 = 5. The Young’s modulus and 
Poisson’s ratio of the steel are 210 GPa and 0.3, respectively. The density of the steel is 7860 kg∕m3. The failure strain of the steel is 
𝜀̄fail = 0.28. The deviatoric components of the stress tensor are set to zero when the effective plastic strain of MPM particles reaches 
the failure strain. Shell particles are converted into MPM particles when the equivalent plastic strain of a quadrature point exceeds 
the conversion strain 𝜀̄convert = 0.26. The material of TNT and water are set the same as those in Section 3.1.1.

The pressure contour of the water and the equivalent plastic strain contour of the ship hull at 𝑡 = 0.1 ms are shown in Fig.  28. 
After the explosive is detonated, the explosive gas expands rapidly and the strong shock wave is generated. The outboard armor 
plate of the ship hull is severely dented by the explosive gas and shock wave. The shell particles near the explosive gas are converted 
into MPM particles, and then some MPM particles fail. Fragments are formed from the failed MPM particles and fly towards the 
water-filled cabin along with the explosive gas.

Fig.  29 compares the final damaged configurations of the ship hull in the experiment and SGSPM. The concave region obtained 
by the SGSPM is in good agreement with the experimental result. The longitudinal and vertical lengths of the hole on the outboard 
armor plate are listed in Table  4, which shows the results of experiment and SGSPM are consistent.

The process of the ship hull damage obtained by the SGSPM is presented in Fig.  30. The outboard armor plate and the water-filled 
cabin are severely damaged, but no failure is found in the defensive and the water-resistant longitudinal bulkhead. This phenomenon 
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Fig. 28. Contours of water pressure and structural equivalent plastic strain at 𝑡 = 0.1 ms.

Fig. 29. Final damaged configurations of the ship hull.

Fig. 30. Process of the ship hull damage.

is consistent with the experiment [64]. This example demonstrates the applicability of SGSPM in simulating structural damage of 
complex shell structures subjected to underwater explosion.

7. Conclusion

In this paper, a novel staggered grid shell particle method (SGSPM) is proposed to model the structural damage subjected to 
underwater explosion. The fluid in underwater explosion and shell structures are discretized by MPM particles and shell particles, 
respectively. The staggered grid scheme is introduced to eliminate the cell crossing noise and to improve the accuracy of fluid 
simulation. The conversion algorithm is employed to handle the dynamic fracture of shell structures. For shell structures, the 
advantages of the shell particles to simulate bending deformation and the MPM particles to simulate fragmentation are combined. 
Besides, a local multi-mesh contact method is presented in the staggered grid scheme for the fluid–structure interaction. In the 
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present work, a collection of failure MPM particles is used to approximate cracks, which is simple and computationally efficient. A 
more accurate crack description method will be implemented in the future work.

Five numerical examples are discussed to assess the performance of the SGSPM. The example of full hemispherical shell examines 
the ability to model the large deformation of shell structures. The penetration of a thin plate verifies the capability of simulating the 
dynamic fracture of shell structures. The large deformation of a plate subjected to underwater explosion demonstrates the elimination 
of the cell crossing noise. The fragmentation of a plate and structural damage of a ship hull subjected to contact underwater explosion 
demonstrate the applicability of simulating structural damage of shell structures subjected to underwater explosion. The numerical 
results fit well with the data in the literature and experiment, which indicates that the presented method is effective for modeling 
structural damage subjected to underwater explosion.
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