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Abstract

A novel adaptive refinement method is proposed for ordinary state-based PD in both 2D and 3D simulation. We perform
an efficient adaptive refinement by splitting a parent particle into several child particles directly which does not require any
information from its adjacent particles. The state variables and neighbor list of the child particles can be obtained directly
from their parent particles, so that the proposed adaptive refinement method is very efficient and can be easily applied in
both 2D and 3D cases without complex adjacent particle list building. To maintain simulation accuracy, the deformation
of the parent particles need to be taken into consideration in the refinement process. Therefore, the accumulated strain of a
PD particle is defined to calculate the position vector of its child particles in current configuration. With the consideration
of the deformation of the parent particle, the fake damage is avoid. And a new criterion is established based on the particle
accumulated strain to efficiently determine the particles need to be refined. The numerical examples studied show that the
proposed adaptive refinement correctly captures the complicated crack propagation process and eliminates the fake crack

growth with slight extra simulation cost, compared to the coarse discretization.

Keywords Peridynamics - Adaptive refinement - Dynamic fracture - Dual-horizon

1 Introduction

The prediction of the dynamic fracture initiation and propa-
gation is an important issue in many engineering problems.
Many efforts have been devoted to simulate the dynamic
crack growth based on the finite element method (FEM),
such as the cohesive zone method (CZM) [1] and the
extended finite element method (XFEM) [2]. And many
kinds of meshfree methods have been proposed aiming at
modeling fracture problems, such as the augment Lagran-
gian element-free (ALEF) [3], the Element-Free Galerkin
method (EFG) [4, 5], the cracking-particle method [6],
material point method with crack (CRAMP) [7] and mate-
rial point method with enriched shape function (EMPM) [8].
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In recent years, peridynamics (PD) [9-11] has attracted
widely interests in simulating crack problems. PD is based
on non-local governing equations, and shows great flexibility
in modeling dynamic fractures because the internal force
relies on the interaction between particles. With the use of
PD, the crack propagation happens naturally without explic-
itly tracking crack surface, and cracking initiation problem
can be well simulated. There are three types of PD formula-
tions: bond-based PD [10], ordinary state-based PD [12] and
non-ordinary state-based PD [13, 14]. Silling [9-11] pre-
sented the bond-based PD as the bond acting like independ-
ent springs, and the internal force between two particles only
related to their relative position. To overcome the restriction
of Poisson’s ratio in bond-based PD, two state-based PD for-
mulations [12—14] have been proposed, in which the internal
force between two particles depend not only on their relative
position, but also on the deformation state of their horizon.

Because of the great flexibility in modeling dynamic
fractures of PD, various works have been done based on
these three PD formulations. Madenci et al. [15] presented
a PD Least Squares Minimization (LSM) approach to con-
struct explicit analytical expressions in integral form for PD
approximation of a field variable and its derivatives. Silling
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et al. [16] introduced a PD Eulerian model equipped with a
Mie-Gruneisen equation of state to model shockwaves and
impact phenomena. Madenci et al. [17] presented the ordi-
nary state-based PD constitutive relations for plastic defor-
mation based on the Von Mises yield criteria with isotopic
hardening. Madenci et al. [18] derived the bond-based PD
equations of motion based on the Neo-Hookean model under
the assumption of incompressibility for hyperelastic mem-
brane deformation. Roy et al. [19] derived the weak form
of bond-based PD equilibrium equation on Anand’s model
and Talamini-Mao Anand (TMA) model for polymers with
slight compressibility. Rabczuk et al. [20] proposed a new
penalty method to model the contact for compressive frac-
tures and impose the penetration conditions. Kamensky et al.
proposed a novel contact model considering the frictional
contact. Zhang et al. [21] and Oterkus et al. [22] proposed
a systematic pull-out simulation scheme in the formwork of
two dimensional axisymmetric domain with PD considering
the interface frictional contact.

In PD, if two pairwise particles have different horizon
sizes, the ghost force and the spurious wave reflection will
appear. And the variation of the horizon size is an impor-
tant tool in many researches, such as boundary treatment
and the adaptive refinement of particles. To overcome this
shortage, Silling et al. [23] employed a modified equilibrium
equation using a new quantity called the partial stress, how-
ever it impairs the simplicity of the traditional PD. Foster
et al. [24] proposed a power-law-based PD kernel function
to mitigate the spurious wave reflection problems during
multiscale modeling. The widely used solution is the dual-
horizon Peridynamics (DH-PD) [25, 26], which naturally
includes varying horizon sizes and completely eliminates
the ghost force.

Because the high nonlinearity of the cracking process, PD
needs to have a fine discretization near the crack tip to obtain
a precise result. And internal force of PD is calculated by the
integral in the horizon, which leads to low simulation effi-
ciency if the fine discretization is used in the whole simulation
domain. Therefore, some researchers proposed several adap-
tive refinement methods to increase the resolution only in the
region near the crack path. Bobaru et al. [27] developed an
uniform refinement method in local regions to analyze 1-D
elastic wave propagation problems and studied the conver-
gence of the proposed refinement method. After that, Bobaru
and Ha [28] developed a non-uniform 2D refinement method
for Bond-based PD by using quadtree method. In their meth-
ods, the physical properties of the refined node needs to be
determined by the interpolation of its adjacent particles and
the so-called “hanging” particles needs to be treated specially.
Dipasquale et al. [29] proposed a novel adaptive refinement
method by simply inserting new nodes at the mid points of
the lines connecting adjacent nodes of the same refinement
level and gave a new trigger concept based on the damage
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state of the material, coupled with the existing energy based
trigger. However, in their methods, some of the particles are
no longer at the center of their volume, which will compromise
the accuracy of numerical spatial integration. Ren et al. [25]
gave a simple adaptive refinement method by simply split-
ting the particles with quadtree method. However, they do not
consider the deformation of the particles, which will lead to
a loss of accuracy when calculating the position vector of the
refined particles in current configuration. Gu et al. [30] applied
the refinement method proposed by Dipasquale [29] on the
voronoi-based PD.

In this study, we propose a novel adaptive refinement
method for ordinary state-based PD in both 2D and 3D simu-
lation. We perform the adaptive refinement by directly splitting
parent particles with considering their deformation state. The
accumulated strain of the parent PD particles is defined to
calculate the position vector of their child particles in current
configuration. And a new criterion for the activation of the
refinement is established based on the particle accumulated
strain to efficiently determine the refinement region. And the
DH-PD is used to avoid the ghost force and the spurious wave
reflection due to the variable horizon sizes in the refinement
process.

The remainder of the paper is organized as follows. In
Sect. 2, we briefly introduce the theory of state-based PD and
dual-horizon PD. In Sect. 3, the new algorithms for the adap-
tive refinement are detailedly presented. Section 4 studies sev-
eral numerical examples to validate the proposed method, and
Sect. 5 draws concluding remarks.

2 Peridynamics
2.1 Fundamentals of ordinary state-based PD

As shown in Fig. 1(a), in ordinary state-based PD [12], a non-
local method is used to calculate the internal force, so that the
equation of motion of particle x; is given by

ey, Dy, 1) = [ (T, 1) <x;—x; >

Hy
— T 1) <, —x; >)dV, 1

+ p(xk’ t)b(xk’ t)3

where u(x,, 1) and H, = {x;|(x; — x;)* < 6%} denote the dis-
placement and horizon of x, respectively, ¢ is the horizon
size, b is the density of external body force. T(x,, ) and
T(x;, ) are the force vector states between the particles x;
and x;. As shown in Fig. 1b, with the force density vec-
tor t(u; —uy, x; — x;., 1) = T(x;, 1) < x; — x; > and particle
integration, the motion Eq. (1) of particle x, in the deformed
configuration can be written as
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(a) The internal force calculation of Peridynamics

Fig. 1 Internal force calculation of Peridynamics

mei(e, 1) = Y [ty — X, — X, 1)
X;€H,;,
2

=ty —u,x, —x;, 0]V;V,

+ m(xk)b(xk, [).

In ordinary state-based PD, the force density vector,
t,;(u; — u, x; — X, 1), can be given by the strain energy den-
sity function as
1 oW, Y=Y
Vi oly; =yl ly; — ¥l ’

tkj(uj - uk’xj _xk’ t) =

3

where y; = x; + u; and W, is the strain energy density func-
tion of particle x,. For elastic material, the strain energy
density function W, can be written as

(y; =yl = Ix; —x;])?

W, = ab? +bs v, 4
k xj;ﬂ [x; — x| Jj 4
where
—x) - ;=)
6, =ds Y LT g
viEH, Pe; —xelly; =yl "
&)

y; =yl = Ix; — x

x; — x|

Skj =

is the bond stretch of two particles, a, b and d are the mate-
rial parameters which can be derived from the shear modulus
u and bulk modulus « by

1 5
. %(K' 3/4) for 3D cases ’ ©
E(K —2u) for 2D cases

(b) The configuration for deformed body

b= 215;‘5 for 3D cases ;
B 7:6;: — for2Dcases ’ @
Je ﬁ for 3D cases
B # for 2D cases ®)

Considering the damage of the bond, the motion Eq. (2) can
be rewritten as

M 1) = Y gty — %, — X, 1)
x;€H,

€))

-t —ux, —x;,0))V;V,

+ m(x)b(x;, 1),

where the history-dependent scalar valued function py; is
determined by

_f Lsy<s Vi <t )
M5 =3 0 otherwise ’ (10)

s is the critical bond stretch determined from the the shear
modulus y, bulk modulus x and the energy release rate G,
of the crack face by

G
- for 3D cases

2
Gu+(2) k=5
o= q Vel et (n

G ’
T for 2D cases
oz (k=2me

The local damage value of particle x; is defined as

b= 1 ijer HigV .
¢ ZXjEHij . ( )
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To reduce the PD surface effect, the energy-based surface
effect correction proposed by Madenci et al. [31] is used in
this work.

2.2 Dual-horizon peridynamics

In our peridynamics refinement method, the material body
is discretized into particles with different sizes. If a con-
stant horizon is used for different particle sizes, the num-
ber of the neighbor particles will dramatically increase,
which will decrease the computational efficiency signifi-
cantly. And if a variable horizon is used for different par-
ticle sizes, the spurious wave reflections will happen in
traditional PD, because the traditional peridynamics for-
mulation with single horizon is not easy to account for the
interaction between two particles with different horizon
sizes [23, 26]. Therefore, the dual-horizon peridynamics
(DH-PD) [26] is used in our adaptive particle refinement
method.

In the traditional ordinary state-based Peridynam-
ics the horizon H, = {x;|(x; —x;)* < 6%} for particle
x, is a domain centered at the particle position with
a radius of 6. In DH-PD, particle x;, has a traditional
horizon H, = {x;|(x; —x;)*> <} and a dual horizon

H,; = {x;|x; € H;}. Because the horizon size ; of each par-
ticle x, is not necessarily same in DH-PD, the traditional
horizon H,, is not equal to the dual horizon H,;. As shown
in Fig. 2, for particle x,, particles x; and x, belong to the
horizon H, = {x;|(x; —x,)? < 62}, while particles x, and
x; belong to the dual horizon H;( = {x;lx, € H;}.

In DH-PD, the internal force of particle x; is divided
into two parts, and the motion Eq. (2) can be rewritten as

Fig.2 Dual-horizon Peridynamics
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x;€H,

- Z Mty —w, x, —x;,OV,V, (13)

!
X;€H,

+ m(x,)b(x,, 7).

The fist part of the right-hand side
iner Mty — wy, x; — x,, 1)V;V, is the sum of the direct
force due to bond sy, and the parameters in Eqs. (6)—(8) to
calculate the internal force t,;(u; — u,x; — x;, 1) should be
determined by the material parameters and the horizon size
of particle x;,. On the other hand, the second part of the
right-hand side — fo€H£ Mty —wj, %, — x;,0)V,V, is the
sum of the reaction force due to bond s, and the parameter
in Eqgs. (6)—(8) to calculate the internal force
t;(u, —u;,x; — x;, 1) should be determined by the material
parameters and the horizon size of particle x;. It is worth to
mention that the history-dependent scalar valued function
My and py may not be equal in DH-PD, because the critical
stretch s, of particle x; and x; are not necessarily equal due
to the variation of the horizon size. Therefore, the bond Sik
and s; will break independently. The breakage of bond s; is
determined by the critical stretch attached to the particle x,,
and breakage of bond s is determined by the critical stretch
attached to the particle X;. As defined in Gu et al. [30], the
damage value of particle x; in Eq. (12) can be rewritten as

ijer Hi Vi + ZXIEH/: iV
Z)CjEHk Vj + Zx,EH;( VI

¢=1- (14)

3 Adaptive particle refinement scheme
for PD

Because the high nonlinearity of the cracking process, PD
needs to have a fine discretization near the crack tip to
obtain a precise result. And internal force of PD is cal-
culated by the integral in the horizon, which leads to low
simulation efficiency if the fine discretization is used in the
whole simulation domain. Therefore, we propose an adap-
tive particle refinement scheme for PD. In our method,
the refinement process only happens in the region near
the crack path to increase the resolution with slight extra
simulation cost. In this section, we will firstly propose two
activation criteria to locate the refinement part. Then, we
propose a refinement method by directly splitting a parent
particle into child particles with the consideration of its
deformation
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3.1 Criterion for the activation of the refinement

In our methods, two activation criteria are adopted to
locate the refinement part during the simulation. The
first one is the critical damage criterion. If any particle
x, satisfies

b > be, as)

it will be refined, where ¢, is the critical damage value.
The second activation criteria is to locate the damage
inside a single particle x,. If any particle x, satisfies

min{e,, €,,€..} > 1+ as,, (16)

»?
where a < 1is a prescribed positive constant, €,,, Eyys €
are the accumulated strain in x, y, z direction of particle x;,
determined by

(uj_uk)'ni

Yoen Mi=e Vi
e, = € K (xj=x;) ’ (17)
Z);,-GH,{ HiV

where n; is the unit normal vector along i-th direction. The
satisfaction of Eq. (16) means that the crack propagation
path may pass across the material domain represented by
particle x,, so the particle x, needs to be refined to obtain a
precise crack propagation path.

3.2 Particle refinement

In our particle refinement scheme, the properties of the
refined child particles are only related to their “parent”
coarse particle without requiring any information from their
adjacent particles. Figures 3 and 4 show the basic idea of
our refinement scheme in 2D and 3D cases. Here we only
present the detailed refinement scheme for 3D case, and the
refinement scheme for 2D case can be obtained similarly. As
shown in Fig. 4, in our refinement scheme, when a coarse
particle satisfy any refinement criteria presented in Sect. 3.1,
it is split into several refined particles (8 particles in 3D
case).

By considering the deformation of the parent particle x,,
the position of its i-th child particle x;'( in the current con-
figuration can be written as

(1+e,)

' C(I+ey) o (I+¢gy)
1 - + l ad
yk Yk [ 2

A l’ b A l 9
s 3 i > e

(18)
where &, 5/, (' = +1, A, is the initial particle length of par-
ticle x;. And the position vector in reference configuration
can be written as

i 1 i1 i1 i
xp =+ [0 2au 588 (19)

One of the major simulation cost of the particle refinement
method in PD is the update of the physical properties and the

(a) Paticle x, in the undeformed state

Fig.3 The refinement scheme for 2D cases

(a) Paticle x, in the undeformed state

Fig.4 The refinement scheme for 3D cases

L

(b) Particle x; in the deformed state

(b) Particle x, in the deformed state

(c) The refined particles

(c) The refined particles
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Preprocess

Discretize the continuous bodies;

Input the material parameter, gormetery, grid size;

!

step M, and step k =1 .

Apply the initial conditions. Set the maximum

| Establish the new neighnor particle lists. |

|
'

| Calculate the body force density.

{

Apply the boundary conditions and loads

k=k+1

!

Update the properties of all particles,
such as position, velocity, et al.

k=k+1

Does any particles satisfy the
critical damage value
criterion?

Does any particles satisty the
critical accumulated strain
criterion?

Y Perform the particle refinement, and update
the properties of the child particles.

A

Y

Fig.5 The flow chart of the adaptive refinement method based on dual-horizon ordinary state-based PD

neighbor particle list of the child particles xi. In our particle
refinement scheme, the properties of the child particle are
only related to its parent particle. The velocity of the child
particles x;'< is equal to the velocity of its parent particle, and
the mass and volume of the child particles x; equal to the
1/8 of the values of its parent particle. Because the horizon
size of the child particles xj( is 1/2 of its parent particle, the
traditional horizon H,; and a dual horizon H]’: of the child

i

particles x;

collection

can be easily obtained. We define the following
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Hy, =H, Ux, (20)
H =H Ux, Q21

The traditional horizon H,’; and a dual horizon Hl’! of the
i

child particles x;

be obtained by

is the subset of H, and H,;S, which can

H, ={xjlx; € Hy, and ||x; —x;|| <6} (22)
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Fig.6 A rectangular plate under % 3).
uniaxial tension f f f f
).
g
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~ L =50mm (.
Ty 7]
Table 1 The material
E(GP: 3
parameters for crack-opening (GPa) ’ plkeg/m’)
problem 200 13 7850
) , 2).
H ={xjl; € Hy; and  x, € Hj) (23)

Therefore, the update of the information of the child parti-
cles x;; is much more efficient than the methods in the lit-
erature [28, 29].

To summarize, the flowchart of the proposed adaptive
particle refinement scheme for PD is shown in Fig. 5. The
details of numerical implementation of the adaptive refine-
ment process are as follow. Firstly, the following steps are
performed prior to the first time step:

(1). Discretize the continuum body by a set of particles
with an uniform particle size A and an uniform hori-
zon size J;

(2). Set the physical properties of the particles, such as
mass, volume;

Table 2 The crack-opening distance and error of different method

Set the pre-set-cracks and calculate the damage value
of all particles.

Determine the particles to be refined by employing the
critical damage value criterion Eq. (15);

Update the neighbor particle list of the traditional
horizon H; = {x;|(x; —x,)? < 57 } and the dual hori-
zon H]'{ = {x;|x, € H;} of each particle;

For each time step i, the following steps are performed:

Compute the internal force f ;{ . and the external force

f }( o Of €ach particle

Fiim = 2 Wy = wx; = x,)
yEH; (24)
=t —u;,x, —x;, 0]V, V,

Fron =Mxb(X;, 1) (25)

Update the velocity and displacement of each PD par-
ticle by

A A fioof

v;(+l/2 =V;(_1/2 +Af k.int k,exl’ (26)
my

yj(“ =y§( + Ati+l/2v;;+1/2’ 27

and apply the displacement and velocity boundary
condition on boundary particles by

ult! =ait! x, €T, (28)
+1/2 __i+1/2

v 2 =52 e, 29)
where @' and ¥*" denote the prescribed displace-

ment and velocity, respectively, I', and I, denote the

a/L 0.1 0.2 0.3

0.4 0.5

Analytic Formula 1.5398pm 3.5984pm 6.9257pm 12.9145pm 24.6169um
Coarse Discretization 1.5882pum(3.14%) 3.6909um(2.57%) 7.2174pm(4.21%) 13.3498um(3.37%) 24.9987um(1.55%)
Adaptive Discretization  1.5741pm(2.23%) 3.6612pm(1.75%) 7.0860pm(2.31%) 13.2261pm(2.41%) 24.8786pm(1.06%)

(6, =0.58,)

Fine Discretization 1.5578um(1.17%) 3.6314pm(0.92%) 7.0097um(1.21%) 13.0961um(1.41%) 24.7853um(0.68%)

Table 3 The crack-opening distance and relative error of different horizon sizes

a/L 0.1 0.2

0.3 0.4 0.5

Analytic Formula 1.5398pm 3.5984pm
Adaptive Discretizations, = 0.56,  1.5741pm(2.23%)  3.6612um(1.75%)
Adaptive Discretizations, = 1.06;  1.5709pm(2.02%)  3.6609um(1.74%)

6.9257um 12.9145um 24.6169um
7.0860um(2.31%)  13.2261pm(2.41%)  24.8786um(1.06%)
7.0821pm(2.26%)  13.2197ym(2.36%)  24.8717pm(1.03%)
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Fig.7 A plate with a central crack under transient tensile loading

Table 4 The material parameters for dynamic crack branching

E(GPa) v p(kg/m*) G.(J/m?)

32 0.2 2450 3

particle set of prescribed displacement and velocity
boundaries, respectively;

(3). Update the damage value based on Eq. (14) and the
accumulated strain based on Eq. (17) of all particles;

(4). Perform the particle refinement process if a particle x;
satisfies any one of the critical damage value criterion
Eg. (15) and critical accumulated strain criterion Eq.
(16). Update the position of the child particles xjc in
the current configuration and the original configura-
tion by Egs. (18) and (19), respectively. Update the
mass, volume, velocity, horizon size of the child par-

ticles by
mf{ =d,my
j_
V,d :/ (30)
8 =056,

where d, = 0.25 in 2D cases and d, = 0.125 in 3D
cases.

(5). Update the neighbor particle list of the traditional
horizon H,i of the child particles x;{ by searching in
the traditional horizon of the parent particle x,.

4 Numerical applications

All examples in this paper are simulated by a PC with one
Intel(R) core(TM) i7-13900K CPU @ 3.40 GHz.
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4.1 Crack-opening problem

In this section, a rectangular plate under uniaxial tension with
a single edge crack is studied. The geometric setting of this
problem is shown in Fig. 6. The tensile stress oy = 10MPa is
applied on the top and bottom surfaces of the plate. The mate-
rial parameters are listed in Table 1. In this simulation, the
square plate is initially discretized into a set of particles with
spacing A; = Imm in coarse discretization and A, = 0.5mm
in fine discretization, and the horizon size 6, = 3.015A,. The
parameters used in the criterion for the activation of the refine-
ment in Eqgs. (15) and (16) are setas ¢, = 0.4, = 0.5.

Irwin et al. [32] theoretically studied this problem and gave
the analytic formula of the crack-opening displacement

= ()

where

1.46 + 3.42(1 — 2L
f< a) _ + (1 — cos(za/2L)) 32

L cos?(zwa /2L)

To obtain the quasi-static results and neglect the effect of
dynamic loading, the adaptive dynamic relaxation method
proposed by Madenci [33] is used. The Simulation results
of all three discretization schemes are shown in Table 2. The
results of all three discretization schemes show great agree-
ment with the analytic solution. In the adaptive refinement
method, the adaptive refinement process only occurs around
the crack path, and have better grid resolution compared to
the coarse discretization. Therefore, we can obtain a better
result by using the proposed adaptive refinement method
with only slight extra simulation cost.

To study the effect of different horizon sizes in the adap-
tive refinement method, two different horizon sizes of child
particle, 6, = 0.56,, 1.06,, are used to simulate this problem.
The results of different horizon sizes are shown in Table 3.
As mentioned by Oterkus et al. [34], a better agreement is
obtained for a constant horizon size in the solution domain,
and the difference is tiny in the crack-opening problem.
However, in the adaptive refinement method, the refine pro-
cess usually happens near the crack surface, and the large
horizon size near the surface may cause a more serious side
effect which may leads to a worse simulation result. And a
constant horizon size leads to a poor simulation efficiency
which against the original intention of the dual-horizon PD.
Therefore, in the following numerical application, we set
6; =3.015A,(i = 1,2) [25].

4.2 Dynamic crack branching

In this section, a dynamic crack branching process of a cen-
tral crack in a plate under transient tensile loading is studied.
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Fig.8 Dynamic crack branch-

12ps

ing with different discretiza-

refinement

4600

4500

4400

4300

4200

Total number of particles

4100

4000
0

=
m
tion: a Coarse discretization; b i
Fine discretization; ¢ Adaptive i
i
i

t(us)

Fig. 9 Evolution of the total number of particles in Case 1

t=36us t=52us

(a) Coarse discretization

}

(b) Fine discretization

(c) Apadtive refinement

As shown in Fig. 7, the specimen’s length L; = 100mm,
width L, = 40mm and thickness # = 1mm. The length of the
initial crack equals to 50mm. The tensile stress is applied
continuously on the top and bottom surfaces of the plate.
The material parameters are listed in Table 4. In this simu-
lation, the square plate is initially discretized into a set of
particles with spacing A; = Imm in coarse discretization
and A, = 0.5mm in fine discretization, and the horizon size
8; = 3.015A,(i = 1,2). The time step is set to At = 1 x 10785
for all the cases. This problem has been experimentally
investigated by Sharon et al. [35] and Fliss et al. [36] and
numerically studied by Belytschko et al. [37] by XFEM and
Borden et al. [38] by phase field method. These experimental
and numerical studies have shown that the crack will branch
in the process of rapid propagation.
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Fig. 10 Energy curves in Case 1 a Total elastic strain energy; b Total fracture energy

Table 5 Simulation cost
comparison for Case 1

Total particles Total simulation time for physical ~ Total
simulation time 80 ps refinement
time
Coarse Discretization 4000 252s \
Adaptive Discretization 40004522 311s 9s
Fine Discretization 16,000 1441s \

In this study, two cases with different tensile loads
are investigated: (1) Case 1: oy = IMPa; (2) Case 2:
og = 2MPa. The parameters used in the criterion for the
activation of the refinement in Egs. (15) and (16) are set as
¢.=04,a0=0.5.

Figure 8 shows the evolution of the particle damage value
obtained with the coarse discretization, fine discretization
and adaptive refinement method in Case 1. In all three dis-
cretization schemes, the occurrence of a branched crack is
observed at approximately # = 35ps and the crack tip reaches
at the material boundary at approximately ¢t = 80ps, which
agree well with the reported simulation results [38, 39]. Fur-
thermore, the crack branching path and the distance between
two crack tips near the material boundary is similar to the
reported results [38, 39].

Figure 9 illustrates the evolution of the total particle num-
bers and the particle type in the adaptive refinement method.
The yellow particles are the refined particles with spacing
A, = 0.5mm and the blue particles are the coarse particles
with spacing A; = Imm. The adaptive refinement process
only occurs around the crack propagation path and the left
end of the original crack, which will lead to slight particle
number increase and slight extra computational cost.

Figure 10 plots the evolution of the total strain energy and
total fracture energy of the plate with different discretiza-
tion schemes, which all agree well with the reported simula-
tion results [38, 39]. No obvious difference can be observed
between all three discretization schemes because of the low
tensile load value.
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Table 5 compares the computational cost of all three dis-
cretization schemes. The extra simulation cost for particle
refinement of the proposed adaptive refinement method is
small compared to other methods [28, 29], which makes the
proposed adaptive refinement method very efficient.

Figure 11 shows the evolution of the particle damage
value obtained with the coarse discretization, fine discre-
tization and adaptive refinement method in Case 2. Different
from Case 1, the results of the three discretization schemes
show great difference. In the coarse discretization, the fake
damage will happen at the middle of two crack branch paths
and the top and bottom surfaces of the plate due to the low
grid resolution. However, the results with fine discretization
and adaptive refinement method have no such phenomenon.

Similar to Figs. 9, 12 plots the evolution of the total
number of particles and the particle type in the adaptive
refinement method. The adaptive refinement process only
occurs around the crack propagation path and the left end of
the original crack, which will lead to slight particle number
increase and slight extra computational cost. However differ-
ent from Case 1, we can obtain much more accurate results
by using the adaptive refinement method with slight extra
computational cost in Case 2.

Figure 13 shows the evolution of the total strain energy
and total fracture energy of the plate obtained with coarse
discretization, fine discretization and adaptive refine-
ment method. As shown in Fig. 13b, all three discretiza-
tion schemes can catch the crack growth starting and crack
branching starting process, so that all three discretization
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Fig. 11 Dynamic crack branch-
ing with different discretiza-
tion: a Coarse discretization; b
Fine discretization; ¢ Adaptive
refinement

Fig. 12 Evolution of the total
number of particles in Case 2
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Table 6 . Slmfulatlon 0(2)st Total particles Total simulation time for physical Total
comparison for Case simulation time 80 ps refinement
time
Coarse discretization 4000 248 s \
Adaptive discretization 40004783 309 s 135
Fine discretization 16,000 1411s \

lv(,(z)

0.075m
0.05m

0.lm 0.05m

0.2m

Fig. 14 Kalthoff-Winkler’s experimental setup

Table 7 The material parameters for Kalthoff-Winkler’s experiment

E(GPa) v p(kg/m?)

8000

G.(J/m?)

190 0.25 22170

schemes have the similar total energy curves before t = 40ps.
However, the crack branching path will deflect in the results
obtained with the fine discretization and adaptive refinement
method, which can not be caught with the coarse discre-
tization, making the low increase rate of the total fracture
energy after ¢t = 40ps. Furthermore, the crack branching
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process will end at t = 55ps, so the total fracture energy
curve obtained by the fine discretization and adaptive refine-
ment method almost stop increasing after = 55us. How-
ever, due to the persistent fake crack growth at the middle
of two crack branch paths and the top and bottom surfaces
of the plate, the total fracture energy curve obtained by the
coarse discretization still keep increasing after t = 55ps.

Table 6 compares the computational cost of all three
discretization schemes, which shows that we can obtain a
result similar to the fine discretization by using the proposed
adaptive refinement method with only slight extra simula-
tion cost.

4.3 Kalthoff experiment

Kalthoff Windler Experiment [40—42] is an classical bench-
mark for dynamic crack growth simulation. As shown in
Fig. 14, a rectangular steel plate with two parallel preset
cracks is stricken by a steel impactor. The material param-
eters of the plate are listed in Table 7.

The thickness of the specimen is 0.01m. The impact
loading is imposed by applying an initial velocity of
vy = 16.5m/s to the first three layers of particles in the
domain (see Fig. 14), and all the other boundaries are free. In
this simulation, the square plate is initially discretized into a
set of particles with spacing A; = 2mm in coarse discretiza-
tion and A, = Imm in fine discretization with the horizon
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Fig. 15 Kalthoff experiment
crack simulation with different
discretization: a Coarse discre-
tization; b Fine discretization; ¢
Adaptive refinement

(a) Coarse discretization

(c) Adaptive refinement

Table 8 Simulation result
comparison

Total particles

Total
refinement
time

Total simulation time for
physical simulation time
100 ps

Deflecting angle

Coarse discretization 5000
Adaptive discretization

Fine discretization 20,000

5000-6038

61.80°
60.88°
66.06°

394 s \
522's 16s
2127 s \

size §; = 3.015A,. The time step is set to Az = 1 x 1078s. The
parameters in criterion for the activation of the refinement in
Eqgs. (15) and (16) are set as ¢, = 0.4, = 0.5.

Figure 15 show the evolution of the particle damage
value obtained with coarse discretization, fine discretiza-
tion and adaptive refinement method. Two crack propagation
process are observed in the simulation: (1) Two primary
fractures originating from the preset cracks; (2) A second-
ary fracture generated at the right side of the plate. The
similar phenomenon is observed in the simulation of Bely-
schko’s [37] and Dipasquale’s [29]. All three discretization
schemes can catch the propagation of the primary fracture

at about r = 24ps. The crack path direction of the primary
fracture is almost straight, and the deflecting angle of the
crack propagation with respect to the original crack direc-
tion obtained by different methods are shown in Table 8.
The deflecting angles obtained by all three discretization
schemes are close to the experiment results [41, 42]. As
shown in Fig. 16, the crack path of the primary fracture
of all three discretization schemes are close to the results
of PFMPM [43] and XFEM [37]. However, the evolution
of the secondary fracture obtained by three discretization
schemes is obviously different. In the coarse discretization,
a single secondary crack firstly appears at about # = 50ps and
then propagates. when r = 66ys, the single secondary crack
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Fig. 17 Evolution of the total
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tive refinement
15
——  Uniform coarse model
— —— . Uniform refined model
% 12 Adaptive refinement method
e -
&D P
: <
g \
E . \
E N
g ==s
3t
00 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 100

t(ps)
(a) Total strain energy of the plate

Total number of particles

branches into two cracks and keeps propagating. However,
in the fine discretization and adaptive refinement method,
two secondary cracks appear directly at about # = 50ps and
keep propagating. when ¢ = 80ps, two secondary cracks have
a slight deflect and keep propagating straight. It is probably
caused by the low grid resolution of the coarse discretiza-
tion near the right end of the plate, which makes it difficult
to separate two different secondary cracks at the beginning.

Figure 17 plots the evolution of the total number of
particles and the particle type in the adaptive refinement
method. The adaptive refinement process only occurs around
the crack propagation path, which leads to slight particle
number increase and slight computational cost increase, as
shown in Table 8.

Figure 18 shows the evolution of the total strain energy
and total fracture energy of the plate obtained with coarse
discretization, fine discretization and adaptive refinement
method. The tendency of the total strain energy curve and
the total fracture energy curve are similar in all three dis-
cretization schemes. However, due to the more accurate
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Fig. 18 Energy curves: a Total elastic strain energy; b Total fracture energy
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Fig. 19 Pre-cracked plate with a hole

Table9 The material parameters for traction of Pre-cracked plate
with a hole

E(GPa) v p(kg/m?) G.(J/m?)

2700

714 0.33 1000

secondary crack propagation process, the total fracture
energy curve obtained with the adaptive refinement method

t=20us

Fig.20 Traction of pre-cracked
plate with different discretiza-
tion: a Coarse discretization; b
Fine discretization; ¢ Adaptive
refinement

are more close to that of the fine discretization than the
coarse discretization.

4.4 Traction of pre-cracked plate with a hole

As shown in Fig. 19, a rectangular plate with a pre-set crack
and a circular hole under tensile load is studied in this sec-
tion. The tensile load oy = 26MPa is applied on the top edge
of the plate, and the bottom edge of the plate is fixed. The
material parameters of the plate are listed in Table 9. In this
simulation, the square plate is initially discretized into a set
of particles with spacing A; = 0.5mm in coarse discretiza-
tion and A, = 0.25mm in fine discretization with the horizon
size §; = 3.015A,. The time step is set to Az = 1 x 10785, and
the parameters in criterion for the activation of the refine-
ment in Egs. (15) and (16) are set as ¢, = 0.4, = 0.5.
Figure 20 show the evolution of the nodal value of
damage with coarse discretization, fine discretization
and adaptive refinement method. All the three discretiza-
tion can capture the similar crack propagation process of
the pre-set crack below the hole, which grows at about
t = 20ps and ends at about r = 30ps. And the crack deflect-
ing angle is also similar between all the three discretiza-
tion schemes. However, because the orthogonal discretiza-
tion are used in all the three discretization schemes, the
resolution of the boundary is poor near the hole, which
will cause 2 fake cracks growing from the hole boundary

t=25us

(a) Coarse discretization

1
0.8
0.6
0.4
0.2
0

(b) Fine discretization

(c) Adaptive refinement
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Table 19 Simulation cost Total particles Total simulation time for physical ~ Total
comparison simulation time 40ps refinement
time
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Fig.22 Energy curves: a Total elastic strain energy; b Total fracture energy

with the coarse refinement. Using the proposed adaptive
refinement method, the fake cracks disappear and similar
results to the fine discretization are obtained.

Figure 21 shows the evolution of the total number of
particles and the particle type in the adaptive refinement
method. The adaptive refinement process only occurs
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around the crack propagation path and the hole boundary,
which lead to slight particle number increase and slight
computational cost increase, as shown in Table 10. The
refinement area near the hole boundary is much smaller
than that in the results of Dipasquale’s [29].
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Figure 22 plots the evolution of the total strain energy
and total fracture energy of the plate obtained with coarse
discretization, fine discretization and adaptive refinement
method. The tendency of the total strain energy curve and
the total fracture energy curve are similar between the fine
discretization and the adaptive refinement method. How-
ever, due to the fake crack growth, the fracture energy
of the plate obtained with the coarse discretization rap-
idly increase, and the strain energy rapidly decrease
after the crack growth beginning, compared to the fine
discretization.

5 Conclusion

In this paper, a novel efficient adaptive refinement
method is proposed based on the ordinary state-based
PD for both 2D and 3D dynamic crack propagation prob-
lems. Two refinement criteria based on the damage value
and the critical accumulated strain are proposed to acti-
vate the adaptive refinement process near the crack area.
In our particle refinement scheme, the properties of the
refined child particles are only related to their parent par-
ticle, which does not require any information from adja-
cent particles. And the position of the child particles in
the current configuration can be calculated directly by
the defined accumulated strain of their parent particle,
as introduced in Sect. 3.2. Because of the convenience
of the property and neighbor list update of the refined
particles, the proposed adaptive refinement method has
high simulation efficiency in the refinement process. The
examples presented in the paper show that the proposed
adaptive refinement can correctly capture the complex
crack propagation process and reduce the fake crack
growth with a little extra simulation cost, compared to
the coarse discretization. Results are in good agreement
with those obtained with other computational methods
or experimental tests. Although 2D numerical examples
are only considered in this paper, the proposed method
can be easily applied in both 2D and 3D cases due to its
simplicity, compared to the existing methods [28, 29].

Data availability The data that support the findings of this study are
available from the corresponding author upon reasonable request.
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